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A B S T R A C T

Most studies of the frequency of reswitching and reverse capital deepening were based on two or three sector
models and came to the conclusion that these phenomena are rare. Here it is shown that the probability
of isolated reswitching tends to zero in large economic systems. The assumptions of the new mathematical
theorems proposed are supported by an empirical enquiry. The randomness of input–output systems can help
to explain the result, but is not essential. If the number of switch-points tends to infinity in large systems, it
is not certain that even one represents a case of reverse capital deepening. The focus of the critique of capital
will have to change.
1. Introduction

Reswitching and reverse capital deepening were the subject of what
was perhaps the most heated debate in economics in The Quarterly
Journal in the 1960s (Samuelson, 1966). While reswitching and reverse
capital deepening are incompatible with a pure form of neoclassical
theory, modern mainstream neoclassicals regard these phenomena as
exceptional paradoxes and ignore them in consequence. It is the pur-
pose of this paper to confirm the exceptional character of the paradoxes
for large systems. We want to show that the probability of their
occurrence tends to zero as the number of the sectors of the system
tends to infinity. I do not think that this saves neoclassical theory from
critique; I rather believe that a modified critique will result (Kersting
and Schefold, 2021), but this is not the subject of this paper.

After the general introduction in Section 1, Section 2 explains the
paradoxes and analyses where techniques leading to reswitching are
located in the set of potential techniques. The geometric interpretation
of the sets defining the probability of reswitching is completed in
Section 3 by a graphic representation. Section 4 provides an empirical
investigation on the basis of input–output analysis. It is impossible to let
the number of sectors grow in empirical analysis, but the prices derived
from an actual input–output table can be used to visualise the geometric
configuration of techniques that lead to reswitching and techniques
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that do not. Section 5 contains six Theorems supporting the general
contention. The assumptions used are of three kinds. It is known and
easy to see that reswitching cannot occur, if relative prices are constant
and therefore equal to labour values. The first hypothesis (Theorem 1)
is that the deviations of all prices from values are moderate in that
precise bounds on the movements of all prices are postulated. Alter-
natively, one may remove these restrictions and assume instead that
the number of relative prices which are not monotonous functions of
the rate of profit is at most some small fraction of all relative prices.
Variations of this assumption give rise to Theorems 2, 3, 4 and 5. It is
an old assumption in capital theory, at least in the Sraffian tradition,
that commodity inputs can, and often are, zero, but that the labour
input is always positive. The sixth Theorem assumes that the alternative
method of production needs an amount of labour 𝑙0 not inferior to
a possibly small but finite fraction of the amount of labour 𝑙1 of the
method it replaces.2 Some conclusions follow in Section 6, where we
ask how probable it is that at least one case of reverse capital deepening
can be found in a large system. Finally, we address the question of
whether the assumption of a uniform distribution of the techniques
leading to reswitching should be modified by introducing another prior
assumption, as in Theorem 6; an alternative assumption is discussed
in intuitive terms. The paper is amended with Appendix providing
the background of the theory of prices and focusing especially on
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the degree to which relative prices change with distribution. It is
shown that recent empirical investigations and theoretical results about
random systems, with the input matrix being random and the labour
vector standing in a random relationship to the matrix, provide support
for the assumptions made in Theorems 1,2, 3, 4 and 5, but randomness
is not a necessary assumption for the main results of this paper.

Reswitching appears as a possibility in an Austrian model already
in an exchange between Böhm-Bawerk and Irving Fisher (Fisher, 1907,
p. 352) (Schefold, 2017, pp. 224, 270, 212). Sraffa’s (1960) example
of reswitching is formally close to the one proposed by Fisher, but
aims at a more fundamental critique; it uses non-basics in a basic
system. Levhari (1965) thought that reswitching could be excluded
in basic systems, but he was mistaken as several authors showed by
means of counterexamples; Samuelson (1966) summarised the debate,
adding an Austrian example that in turn reproduced the structure of
the example proposed by Sraffa. In consequence, a number of authors
have since taken up the challenge to determine whether reswitching
is exceptional or sufficiently frequent to question the realism and the
applicability of neoclassical theory. The mere existence of reswitching
demonstrates that the attempt to construct demand curves for capital
or to construct production functions in pure economic theory fails, but
the neoclassical approach might survive as a set of tools for applied
economics, if reswitching is rare and if one abstracts from problems of
neoclassical theory on the supply side (Schefold, 2022b). However, if
reswitching or, rather, reverse capital deepening were as frequent as
the (for neoclassicals) normal case, lowering the wage in the face of
unemployment would lead to an uncertain result, for, always according
to neoclassical logic, the existing stock of capital would be transformed
and, with lower wages, the installation of more labour-intensive tech-
niques, generating employment, would be expected, but just as many
labour-saving techniques would appear, with compensating effects, so
the employment effect would be uncertain. Other parts of applied
neoclassical theory would also be hampered. Hence it matters whether
reswitching is frequent or rare.

Most authors have examined the question using two- or three-sector
models. Austrian variants have been used by Samuelson (1966), as
stated, by Hicks (1973), and Laing (1991), and the Austrian model is
also discussed in Mainwaring and Steedman (2000). They all conclude
that the probability of reswitching or reverse capital deepening is small.

A somewhat different picture is obtained with the Samuelson model
of Samuelson (1962), also called corn-tractor model. Here always the
same consumption good is produced by a capital good and labour, and,
with labour, this capital good reproduces itself in a second process.
Technical change can then be illustrated by the familiar example: one
replaces the spade by the horse-drawn plough and then this again by
the tractor-drawn plough. The transitions are not modelled. Mainwar-
ing and Steedman (2000), D’Ippolito (1987) and Eltis (1973) with a
somewhat similar approach estimate the probability for reswitching
to be low, while Petri (2011) seems to be alone in believing that
it is much higher. It is always a question of identifying a region in
the space of the parameter values where reswitching occurs versus a
region, where at least one switch results; the probability then is given
as the ratio between the corresponding areas. Or it is asked whether a
given switch occurs with parameters such that the intensity of capital
increases with an increasing rate of profit at that switch. The in princi-
ple same approach is used when Sraffa models are considered. Woods
(1988) analyses a two-sector Sraffa model, and again (Mainwaring and
Steedman, 2000), still concluding that reswitching is not frequent.

The restriction to small models in all the cases considered so far
is problematic, if one has an economic theory in view that should be
capable of applications. Reverse capital deepening occurs in a specific
sector, but it has a macroeconomic implication. The phenomenon may
disappear because of aggregation — most obviously, if one aggre-
gates all the way down to a one sector-sector model; then reverse
capital deepening is not possible. It is not clear what reverse capital
129

deepening means in a two-sector model or, more generally, one in
which aggregation is so high that individual method changes cannot
be identified. Technical change would then result in a gradual, near
continuous change of coefficients. The logic of the argument seems to
require a representation at an intermediate level of aggregation, such as
is represented in input–output tables with significantly more than two
sectors. One usually assumes homogeneous commodities in pure the-
ory. Sraffa (1960) speaks of ‘‘wheat’’, ‘‘iron’’, ‘‘pigs’’, ‘‘gold’’, but none
of these commodities is perfectly homogeneous; standards of fineness
are needed even for gold, the price of electricity varies according to
time and location, etc. Input–output tables have the advantage that they
are the result of international cooperation in the definition of goods and
sectors; they are the best makeshift we have for analysing inter-industry
structures. They are based on accepted methods to aggregate goods and
services to outputs of sectors.

So we must turn to large economic systems with many industries.
Schefold (1976) proved that the probability for reswitching is positive
for basic, regular Sraffa systems. Sraffa systems are regular as defined
in Schefold (1971) as, roughly speaking, systems where prices move
in all directions, if the rate of profit varies – a system is not regular,
for instance, if the labour theory of value holds. I believed at that time
that reswitching would actually be frequent, but an attempt to show
it empirically with a Ph.D. student of mine, Zonghie Han, using pairs
of input–output tables, led to the opposite result (Han and Schefold,
2006). Zambelli (2018), using a new algorithm, has calculated the en-
velopes of the wage curves derived from the techniques of 30 countries
with 31 sectors. His criteria for judging whether the envelopes are
compatible with neoclassical premises are in part different from the
ones used here, but Kalb (2022) has shown that Zambelli’s results show
a frequency of reverse capital deepening that is quite similar to that
observed by Han and Schefold (2006): less than 2% of the switch-points
observed on Zambelli’s envelopes exhibit reverse capital deepening. I
was not aware until recently of D’Ippolito’s attempt of 1989 to show
that reverse capital deepening is rare (D’Ippolito, 1989). This is only a
short summary of a long unpublished paper, written with Mario Latorre
as co-author. According to the unpublished material, D’Ippolito and
Latorre used a Monte Carlo method, therefore an approach which is
different from the one pursued here. I hope to be able to consider it in
the near future in a special paper, given the permission by the heirs of
the authors.

I had begun to use random matrices as a possible explanation of the
near-linearity of wage curves; Appendix recapitulates the link between
random matrices, the shape of price and wage curves and with what
matters here: the behaviour of relative prices. Combining the insights
about random matrices with the empirical lesson, I explored the pos-
sibility of getting an approximation to Samuelson’s (1962) surrogate
production function (Schefold, 2013a). At the same time, I tried to
understand another curious finding of the paper with Han of 2006: Far
fewer wage curves from a given spectrum of techniques would appear
on the envelope than we had expected; an estimate in Schefold (2013b)
then was that, if there were 𝑠 techniques in the spectrum, one should
expect at most ln 𝑠 wage curves on the envelope. A deeper investigation
with the mathematician Götz Kersting led to an estimate of 2

3 ln 𝑠, if the
maximum wage rates and the maximum rates of profit are distributed
according to a uniform distribution with given bounds. In the relevant
range of the rate of profit (bounded away from zero and from very high
rates of profit) only one or two wage curves appear on the envelope,
of almost equal capital-intensity, and this result carries over with
slight qualifications to the normal distribution according to theoretical
considerations, according to empirical investigations and according to
numerical experiments (Kersting and Schefold, 2021). This implies that
there is virtually zero substitution between capital and labour among
efficient techniques. Another way of stating it is to say that the capital–
labour ratio is given independently from distribution. Hence there is no
room for the marginal productivity theory of distribution and one feels
invited to return to the post-Keynesian theory of distribution (Schefold,
2021a).
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If reswitching is truly exceptional, zero substitution becomes the
main argument for a new critique of neoclassical theory. It is a little
surprise that the absence or near-absence of reswitching is also essential
for one argument of the new critique, in that the formula for the upper
bound of the number of wage curves on the envelope, ln 𝑠, had been
derived first on the assumption that the wage curves are linear. But it
turned out that this estimate can be extended to wage curves that are
not linear, provided that reswitching is sufficiently rare (Kersting and
Schefold, 2021, p. 523).

Our task now is to show that reverse capital deepening and reswitch-
ing are rare. More specifically, we want to show that the probability
of their occurrence tends to zero, if 𝑛, the number of sectors, tends to
infinity. For each finite 𝑛, this probability is (under the assumptions to
be stated) positive, but increasingly small.

The expansion of the number of sectors may be visualised in dif-
ferent ways. There is the historical evolution from a small number of
industrial sectors to many. The growth of the number of sectors is
partly concealed by concentration, if firms operate in several sectors
and if products are more differentiated than the collective name of a
sector suggests; the industry which produces cars can also be seen as
composed of sectors, one producing sport cars, another lorries, a third
tractors etc. This consideration leads to a second interpretation; the
existing economy can be seen at a more and more disaggregated level.
Going to infinity is, with either interpretation, only a mathematical
device to get to precise results of a tendency. A future paper shall
provide simulations. Then, the increase of 𝑛 will have to be modelled,
using Monte Carlo methods to generate the coefficients of systems
according to specific distributions. As 𝑛 increases, the systems are made
comparable by means of the postulate that the maximum rate of profit
remains the same and that a finite amount of labour is allocated to
more and more industries that get smaller and smaller. However, such
refinements are not yet needed for the present theoretical approach.

A short overview of how we shall proceed: if a regular Sraffa
system is given, we can describe the set 𝑀(𝑟1) of potential methods of
production that have one switch with the method of production in use,
say the first, denoted by (𝐚1, 𝑙1), where 𝐚1 is the vector of commodity
inputs for the production of a unit of commodity 1 and 𝑙1 the labour
input. The set 𝑀(𝑟1) ∩ 𝑀(𝑟2) ∩ 𝑀(𝑟3) then is, for instance, the set
of potential techniques (𝐚0, 𝑙0), the wage curves of which have three
switch-points in common with the wage curve pertaining to (𝐚1, 𝑙1),
which means the set of potential methods that produce commodity
1 at the same cost as (𝐚1, 𝑙1). This set will not be empty, because it
contains (𝐚1, 𝑙1), but insignificant, because it is of lower dimension than
𝑀(𝑟1). However, 𝑀⋆(𝑟1), the union of all 𝑀(𝑟), where 0 < 𝑟 < 𝑅
and 𝑟 ≠ 𝑟1, will be of the same dimension as 𝑀(𝑟1), if the system
is regular. 𝑀⋆(𝑟1) is a subset of 𝑀(𝑟1), and the measure of 𝑀⋆(𝑟1),
divided by the measure of 𝑀(𝑟1), will be the probability of reswitching.
The measure of 𝑀⋆(𝑟1) divided by the measure of 𝑀(𝑟1) expresses
the probability of reswitching, if the actual techniques that can be
introduced to replace (𝐚1, 𝑙1) are uniformly distributed in 𝑀(𝑟). This
assumption may be questioned (Petri, 2022); we return to this question
in Section 6.

What we have examined here is what I call an isolated reswitch: we
have an isolated system, with 𝑛 industries and one method per industry,
except in one – here the first – industry, where there is one alternative
method, which gives rise to a switch and a reswitch. We have a systemic
reswitch, if there are several alternative methods in possibly several
industries, and a switch and a reswitch occur both on the envelope.

If the probability of isolated reswitching tends to zero, so will, it
appears, the probability of systemic reswitching and of reverse capital
deepening, for an isolated reswitch always underlies systemic reswitch-
ing and, by the way, also quite obviously multiple switching with more
than two switch-points of two wage curves. It further underlies reverse
capital deepening, for this means that the wage curves corresponding
to two methods for producing commodity 1, all methods in the other
130

industries being equal, intersect twice, and the second switch (at the f
higher rate of profit) is on the envelope, while the first switch is
dominated by at least one other wage curve. If the probability of
isolated reswitching tends to zero in large systems, reverse capital
deepening at a given switch will do the same, for if it did not, one could
in each case consider the underlying isolated reswitches by assuming
away the technique with the wage curve dominating the first switch
and would thus obtain more cases of isolated reswitching, so that the
probability of isolated reswitching would not approach zero.

In other words: The probability for a systemic reswitch is much
lower than that for an isolated reswitch. Every systemic reswitch can
also be regarded as an isolated reswitch, but not conversely, because at
least one of two switch-points on the envelope of an isolated reswitch
is likely to get dominated by some other wage curve, as soon as we
have a multiplicity instead of only two techniques and wage curves. We
shall see in Section 6 that the probability of reverse capital deepening
is in between the higher probability for isolated and the lower for
systemic reswitching. More complicated results obtain, if one looks not
at one given switch, but at all switch-points of a system with many
techniques taken together. Will always at least one case of reverse
capital deepening appear among the possibly many switch-points of a
large system? This question will be addressed at the end of the paper.
For wider issues, in particular for an account of how my views have
changed in consequence of successive new analytical findings, I must
refer to other papers.3

2. The reswitching body

We first must elaborate the formal apparatus already introduced in
more detail. We assume that a productive and indecomposable system
is given, represented by a semi-positive input–output matrix of order
𝑛 𝐀 ≥ 0 and a positive labour vector 𝐥 > 0, with processes (𝐚𝑖, 𝑙𝑖);
𝑖 = 1,… , 𝑛; as the methods of production of the 𝑛 industries. As is
well known, the normal prices of this system 𝐩 will be positive for all
rates of profit 𝑟 between 0 and a maximum rate of profit 𝑅, and the
wage rate 𝑤 will fall monotonically from a maximum at 𝑟 = 0 to zero
at 𝑟 = 𝑅, where prices are expressed in some commodity standard 𝐝

ith 𝐝𝐩 = 1. We recall that Sraffa’s standard prices are defined by the
ondition 𝐝 = 𝐪(𝐈 − 𝐀), (1 + 𝑅)𝐪𝐀 = 𝐪, where 𝐪 is normalised by first

3 A referee, to whom I owe thanks, suggested that I amend this paper
ith an overview of how the analytical discoveries were made and of how
interpreted them, but that might lead far away from the present argument
nd confuse the issue. Moreover, such an overview regarding the prehistory
f this paper has been written already (Schefold, 2022a), while broader
onclusions from the paper with Kersting and from the thesis here presented
re proposed in Schefold (2021a). The referee also suggested that I say more
bout the difference between pure and applied theory and in particular about
he problem of using Leontief matrices as empirical counterparts for Sraffa
ystems, but this has been discussed in my controversy with Fabio Petri, see
etri (2021, 2022), Schefold (2022b,c). The referee thought that the title
f this paper promised such explanations, but there is a misunderstanding
ere. ‘‘Explained’’ in the title does not refer to an intention to make the
aper especially understandable to non-mathematical readers or to readers
ot acquainted with the previous discussions on capital theory. This paper is,
nd must be, a piece in mathematical economics. It provides the proofs of a
umber of theorems, which demonstrate the rarity of reswitching, each under
pecial assumptions. ‘‘Explained’’ then expresses the claim that these theorems,
aken together, explain the phenomenon of the rarity of reswitching. I say
‘explained’’ and not ‘‘proved’’ because it is a matter of judgement whether
he assumptions cover a sufficiently broad number of cases. I try to argue that
he assumptions are indeed sufficiently broad, they certainly are better than
he old boundedness assumption of Schefold (2016) and it is here that the
mpirical results come in, but readers can ignore the empirical section and
udge the results on the basis of their theoretical views alone, if they wish. I
hould highly welcome an analysis of whether the hypotheses are reasonable
nd the arguments are sound — more reflection on their significance may
ollow afterwards.
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measuring 𝐥 so that 𝐞𝐥 = 1, then defining the level of 𝐪 so that 𝐪𝐥 = 1;
= (1,… , 1). Normal prices

= (1 + 𝑟)𝐀𝐩 +𝑤𝐥 (1)

esult from

= 𝑤(𝐈 − (1 + 𝑟)𝐀)−1𝐥

nd the wage rate is 𝑤 = 1 − 𝑟
𝑅

, if prices are expressed in terms of
he standard commodity (so-called standard prices), for we then have,
unit matrix,

= 𝐪(𝐈 − 𝐀)𝐩 = 𝑟𝐪𝐀𝐩 +𝑤𝐥 = 𝑟
𝑅
𝐪(𝐈 − 𝐀)𝐩 +𝑤𝐪𝐥 = 𝑟

𝑅
+𝑤.

We shall also often need prices in terms of labour commanded or in
terms of the wage rate �̂� =

𝐩
𝑤

= 𝑅
𝑅 − 𝑟

𝐩.
Often, we do not use standard prices but prices in terms of a

uméraire equal to net output or surplus. We assume a stationary state,
n which a vector of a surplus 𝐬 ≥ 0 is produced, given activity levels
𝐪 such that 𝐪(𝐈 − 𝐀) = 𝐬 and 𝐪 = 𝐬(𝐈 − 𝐀)−1 > 0. In this stationary state,
the capital–labour ratio can be read off from the wage curve, if one
assumes that this third form of numéraire is taken; it is set equal to the
surplus: 𝐝 = 𝐬. With this natural and convenient assumption, output
per head 𝑦, 𝑦 = 𝐝𝐩∕𝐪𝐥, is the same for all rates of profit. At the same
time, it equals the sum of wages per head and profits per head, hence
𝑦 = 𝑤 + 𝑟𝑘, where 𝑘 is the capital–labour ratio 𝑘 = 𝐾∕𝐿 = 𝐪𝐀𝐩∕𝐪𝐥,
so that the capital–labour ratio can be read off from the wage curve
diagram 𝑘 = (𝑦−𝑤)∕𝑟. The capital-intensity is constant along the wage
curve, if and only if the curve is linear; 𝑘 is then equal to the absolute
value of the slope of that linear curve. If the wage curve is convex, the
intensity of capital falls, as the rate of profit rises. This is a so-called
neoclassical Wicksell-effect. In the opposite case, the intensity of capital
rises with the rate of profit. The intensity of capital then increases, as
the wage falls. This is a non-neoclassical or, sometimes, a ‘perverse’
Wicksell-effect.

If another method of production is available in one of the industries,
its adoption leads to another wage curve. For instance, process (𝐚1, 𝑙1)
is replaced by process (𝐚0, 𝑙0). In the comparison of wage curves 𝑤0 and
𝑤1, that technique has to be chosen at each rate of profit which yields
the highest real wage, and it can be shown that surplus profits induce
the change-over to the better technique. If the wage curves are linear,
higher rates of profit and lower wage rates mean that successively
techniques of lower capital-intensities and higher labour-intensities will
be adopted, but if the wage curves are curved, two techniques may have
more than one switch-point in common. If wage curves 𝑤0 and 𝑤1 have
two switch-points in common at rates of profit 𝑟1 and 𝑟2, 0 ≤ 𝑟1 < 𝑟2 ≤
𝑅𝑖, 𝑅𝑖 = min(𝑅1, 𝑅2), we speak of reswitching.4 We speak of reverse
capital deepening, if the first of these two switch-points is dominated
by a third wage curve, which is, however, inferior at the second switch-
point. The intensity of capital then rises at the second switch-point. The
cases of reverse capital deepening are therefore dependent on two wage

4 Usually, one speaks of reswitching only, if both switch-points are on the
nvelope. We called this systemic reswitching in Section 1. The assumption
hat one switch is a crossing of wage curves on the envelope becomes
mportant as soon as there are alternative methods of production available also
n other industries. For it will then generically be the case that, if two wage
urves cross on the envelope, only one method in one industry will change
r switch at that rate of profit, while two intersections of wage curves below
he envelope may belong to two systems that differ in the employment of
everal methods in several industries. The intuitive reason for this difference
s simple: if we are on the envelope, the wage rate is maximal, given the rate
f profit. If it changes, different methods will become profitable according to
he changing state of distribution, and they will generically come up one by
ne in a piecemeal fashion. If the intersection is below/between two systems
sing different methods in several industries, the optimal combination of these
ethods has still to be found.
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curves crossing on the envelope such that there is a ‘‘hidden’’ inter-
section of these same two wage curves below the envelope at a lower
rate of profit. Insofar, reswitching in the sense of a double switch of
two wage curves, the techniques differing in the method of production
in one industry only, is the basic phenomenon. We called this isolated
reswitching in Section 1, if one abstracts from the other techniques and
their wage curves, and we called it systemic reswitching, if both switch-
points are on the envelope. Reverse capital deepening seems to occur
more often in reality than systemic reswitching, since it is quite likely
that the earlier switch-point will be dominated, if there is a sufficient
number of techniques available in various industries, the wage curves
of which reach the envelope.

We speak of capital reversals, if, quite generally, an increase in
the rate of profit leads not to a fall, but to a rise of the intensity
of capital. Capital reversals may be due either to non-neoclassical
Wicksell-effects or to reverse capital deepening and reswitching. The
latter two are regarded as more fundamental, since Wicksell-effects are
numéraire-dependent: A mere change of numéraire can, for the same
technique, turn the neoclassical Wicksell-effect into a non-neoclassical
Wicksell-effect or vice versa. For this reason and because the at least
twofold intersection of wage curves is at the root also of reverse capital
deepening, we here concentrate on isolated reswitching, but turn to a
more general consideration in Section 6.5

As explained in the introductory sections, we estimate the prob-
ability of reswitching by measuring the set of potential techniques,
which generate two or more switch-points, relative to the set of tech-
niques which generate only one. The idea had been pursued already in

5 The paradox in question is interesting as a macroeconomic phenomenon,
ut it may also have a sectoral aspect, which is less known. To see this, it
s useful to formally extend the analysis to negative rates of profit, for then
he same wage curves, only extended to the interval −1 ≤ 𝑟 ≤ 0, can be used

to analyse the sectoral aspect. No economic meaning needs to be associated
with a negative 𝑟. This has been examined in detail in Han and Schefold
(2006). Here it suffices to observe two wage curves, which differ because the
methods of production differ in one of the industries, which intersect for some
𝑟, −1 ≤ 𝑟 ≤ 0. To analyse the consequence of such an intersection, we first
assume that the two wage curves shall extend without a crossing from 𝑟 = −1
to the maximum rate of profit of each; both maximum rates shall be positive.
Of two wage curves, which do not intersect at all, the higher one, say 𝑤1, will
be better than 𝑤2, because it has a higher maximum rate of profit. It will also
be better, insofar as the wage at 𝑟 = 0 can be higher, therefore output per
head is higher — this can be read off from the wage curve at 𝑟 = 0. Finally,
this better technique will use less direct labour in the sector, in which the two
techniques differ in one method of production. This can be seen by looking at
the price equations at 𝑟 = −1. With 𝑟 = −1, one obtains from Eq. (1) 𝐩(−1) = 𝑤𝐥.
We have, in obvious notation, 1 = 𝐝𝐩(−1) = 𝑤1(−1)𝐝𝐥1 = 𝐝𝐩2(−1) = 𝑤2(−1)𝐝𝐥2;
𝑤1 > 𝑤2 implies 𝑙11 < 𝑙

2
1 , where 𝑙11 is the labour input in the first sector of the

first system, 𝑙21 that of the second system. Since all other labour inputs are the
same in both techniques except in the first industry where the method change
takes place, more labour is used in that industry in the second inferior system.

If we now return to the example where 𝑤1 and 𝑤0 have one crossing between
−1 and 0, we observe the curious effect that the technique, which is better
at positive rates of profit, uses more labour in the sector, where the change
of technique occurs. If we take the case of two techniques which have one
switch-point between −1 and 0 and another between 0 and the maximum rate
of profit, the technique which emerges after the second switch-point will be
more labour-intensive in the aggregate and yet use less labour in the sector in
which the change takes place. The higher labour-intensity then is entirely due
to changes of relative prices. It occurs at the macroeconomic level, although
less labour is used microeconomically in the sector concerned and, indeed,
in the economy as a whole. But this effect is not numéraire-dependent, like
ordinary Wicksell-effects. Although it is thus interesting to extend the study
of switch-points to the interval −1 ≤ 𝑟 ≤ 0, we focus on reswitching between
zero and the maximum rate of profit in what follows. The paradoxical sectoral
effect was found to occur more often than reverse capital deepening in Han
and Schefold (2006). It would deserve more attention.
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Schefold (1976) with the result that reswitching turned out to be not a
fluke, but to have a positive probability.

We begin with the set 𝑀(𝑟) of methods of production (𝐚0, 𝑙0) that
have a switch with the technique (𝐀, 𝐥) by being exchangeable with
method of production (𝐚1, 𝑙1) in the first sector at the prices ruling at
the rate of profit 𝑟. Hence this set 𝑀(𝑟) follows from Eq. (2):

𝑀(𝑟) = {(𝐚0, 𝑙0) ≥ 0 | (𝐚0, 𝑙0)�̃�(𝑟) = �̂�1(𝑟)}. (2)

�̃�(𝑟) here is a column vector �̃�(𝑟) = ((1+𝑟)�̂�1(𝑟),… , (1+𝑟)�̂�𝑛(𝑟), 1)𝑇 . It was
proved in Schefold (1976), and in a reduced form in Schefold (1971),
that �̃�(𝑟) is a vector that assumes 𝑛+1 linearly independent values at 𝑛+1
different rates of profit 0 ≤ 𝑟1 < ⋯ < 𝑟𝑛+1 < 𝑅, and of course, �̃�(𝑟) > 0,
0 ≤ 𝑟 < 𝑅. This is what I now call the fundamental neo-Ricardian
theorem. It holds for regular systems. This means essentially that the
labour theory of value does not hold in that 𝐥 is not an eigenvector of
𝐀. 𝑀(𝑟) is obtained as the intersection of an 𝑛-dimensional hyperplane
orthogonal to �̃�(𝑟) with R𝑛+1+ . Given 𝑟, the vertices of 𝑀(𝑟) can readily
be calculated by putting (𝐚0, 𝑙0) = 𝑧𝑖(𝑟)𝐞𝑖, where 𝐞𝑖 is the 𝑖th unit vector
in R𝑛+1+ . Inserting the 𝑧𝑖(𝑟)𝐞𝑖 for (𝐚0, 𝑙0) into (2); 𝑖 = 1,… , 𝑛 + 1; one
obtains:

𝑧1(𝑟) =
1

1 + 𝑟
, 𝑧𝑖(𝑟) =

�̂�1(𝑟)
(1 + 𝑟)�̂�𝑖(𝑟)

; 𝑖 = 2,… , 𝑛; 𝑧𝑛+1(𝑟) = �̂�1(𝑟). (3)

We here encounter the 𝑧𝑖(𝑟) which will play an important role in
our analysis. They describe how 𝑀(𝑟) moves in space, helping our
geometrie intuition, in function of relative prices, which are linked
to our economic intuition. Appendix discusses the 𝑧𝑖(𝑟) in some detail
and derives a probabilistic argument that they are likely to fall. We
below show the same by means of geometry on the basis of the 𝐿𝑒𝑚𝑚𝑎
(statements 𝑖𝑥 and 𝑥). It follows geometrically from �̃�(𝑟) > 0 that
𝑧1(𝑟) > 0,… , 𝑧𝑛+1(𝑟) > 0, 0 ≤ 𝑟 ≤ 𝑅. It follows from the fundamental
neo-Ricardian theorem that the 𝑛-dimensional simplex 𝑀(𝑟) turns in
(𝑛 + 1)- dimensional space in such a manner that it is never contained
in any 𝑛-dimensional subspace for any interval, in which 𝑟 moves.

Now we can express the possibility of reswitching. It occurs for all
potential techniques in the intersection of 𝑀(𝑟1) ∩𝑀(𝑟2); 0 ≤ 𝑟1 < 𝑟2 ≤
𝑅. This intersection is an (𝑛 − 1)-dimensional hyperplane, restricted to
the R𝑛+1+ , as the intersection of two 𝑛-dimensional simplices. A question
then is how probable it is that we find an actual technique, that is
in 𝑀(𝑟1) and also in 𝑀(𝑟2), if 𝑟1 and 𝑟2 are given. The answer is: It
is improbable, since the 𝑛-dimensional measure 𝜇(𝑀(𝑟1) ∩ 𝑀(𝑟2)) is
zero, and zero in particular relative to the 𝑛-dimensional measure of
𝜇(𝑀(𝑟1)), which is positive.

But this does not mean that the probability of reswitching generally
is zero, since, given 𝑟1, we can ask whether reswitching will turn up if
we vary 𝑟2. It was shown in Schefold (1976) that the measure of all the
possibilities then is positive. We define

𝑀⋆ =
⋃

0≤𝑟2≤𝑅
𝑟2≠𝑟1

𝑀(𝑟1) ∩𝑀(𝑟2).

This is the reswitching body. Its measure will be positive, 𝜇(𝑀⋆) > 0,
if the intersection of 𝑀(𝑟2) with 𝑀(𝑟1) covers an open 𝑛-dimensional
neighbourhood on 𝑀(𝑟1). More than two switchpoints could also be
considered.6 Readers who find the following Lemma too abstract should
first study the diagrammatic exposition of Section 3 and use it to

6 To this end, we can iterate the procedure in order to find more than two
witch-points. We should find the set of points generating 𝑚 switch-points,
< 𝑛, by considering the intersection
⋆
𝑚 =𝑀(𝑟1) ∩⋯ ∩𝑀(𝑟𝑚); 0 < 𝑟2 < ⋯ < 𝑟𝑚 < 𝑅; 𝑟1 ≠ 𝑟𝑖 and all 𝑟𝑖 distinct.

Again, this set is of measure zero relative to 𝑀(𝑟1), if the 𝑟2,… , 𝑟𝑚 are given,
but if they are variable and if the 𝑀(𝑟𝑖) twist in space, they will in the end
cover an open neighbourhood in 𝑀(𝑟1), and obviously these sets must be
contained in each other with 𝑀(𝑟1) ⊇ 𝑀⋆ ⊇ 𝑀⋆

3 ⊇ 𝑀⋆
4 ⊇ ⋯ ⊇ 𝑀⋆

𝑚 . The
sets will be nested like Russian dolls.
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illustrate each of the following properties in three-dimensional space.
Or they may, at the cost of losing generality, pick up the notation and
otherwise simply skip the Lemma and the remainder of this section and
turn to Section 3 which explains the relevant relationships diagrammat-
ically for the two-sector model, represented in three-dimensional space.
The analysis also represents a contribution to the analysis of star-shaped
sets (Hansen et al., 2020).

Lemma. Properties of the reswitching body.

(i) If (𝐚1, 𝑙1) > 0, 𝑀(𝑟2) bisects 𝑀(𝑟1) into two parts, each not empty,
separated by a hyperplane of dimension 𝑛 − 1, containing 𝑀(𝑟1) ∩
𝑀(𝑟2), which is convex.

(ii) 𝑀⋆ does not cover the simplex 𝑀(𝑟1): 𝑀(𝑟1) −𝑀⋆ ≠ ∅.
(iii) 𝑀⋆ is star-shaped, in that every point is connected with (𝐚1, 𝑙1) within

𝑀⋆. 𝑃 ∈𝑀⋆, 𝑃1 = (𝐚1, 𝑙1) ⇒ 𝑃𝑃1 ⊂ 𝑀⋆.
(iv) 𝑀⋆ is concave: Every point in 𝑀(𝑟1) that is not in 𝑀⋆ is connected

to 𝑃1: 𝑃 ∈ {𝑀(𝑟1) −𝑀⋆} ⇒ {𝑃𝑃1 − 𝑃1} ⊂ {𝑀(𝑟1) −𝑀⋆}. Each of
the (apart from 𝐚1, 𝑙1) disjoint two parts of 𝑀(𝑟1) −𝑀⋆ that result
from the bisection according to (i) is convex. This holds also if (𝐚1, 𝑙1)
is on the boundary of 𝑀(𝑟1).

(v) 𝑀⋆ is symmetric in the sense that any point in the reswitching body,
connected to the star-point, is on a straight line, which is wholly in the
body, to the extent that the points on the line are semi-positive: 𝑃0 =
(𝐚0, 𝑙0) ∈𝑀⋆, 𝑃 (𝜆) = {𝜆(𝐚0, 𝑙0) + (1 − 𝜆)(𝐚1, 𝑙1) ≥ 0} ⇒ 𝑃 (𝜆) ∈𝑀⋆.

(vi) The same holds for the complement of𝑀⋆ in𝑀(𝑟1): 𝑃0 ∈𝑀(𝑟1), 𝑃0 ∉
𝑀⋆, 𝑃 (𝜆) = {𝜆(𝐚0, 𝑙0) + (1 − 𝜆)(𝐚1, 𝑙1) ≥ 0} ⇒ {𝑃 (𝜆) − 𝑃1} ∉𝑀⋆.

(vii) 𝑃1 = (𝐚1, 𝑙1) is the only star-point of 𝑀⋆.
viii) Generalising (ii): if 𝑧𝑖(𝑟) is strictly monotonous in any interval 0 ≤

𝑟𝑎 ≤ 𝑟 ≤ 𝑟𝑏 < 𝑅, there is no reswitching on coordinate axis 𝑖 in
[𝑧𝑖(𝑟𝑎), 𝑧𝑖(𝑟𝑏)] and these points cannot belong to 𝑀⋆.

(ix) The movements of the 𝑧𝑖(𝑟) are restricted by the following relationship,
which we call the star-equation:
𝑎11
𝑧1(𝑟)

+⋯ +
𝑎1𝑛
𝑧𝑛(𝑟)

+
𝑙1

𝑧𝑛+1(𝑟)
= 1; 0 ≤ 𝑟 < 𝑅.

(x) The direction of the movement of the 𝑧𝑖(𝑟) is constrained by the
derivative of the star-equation (ix):
𝑎11

(𝑧1(𝑟))2
𝑧′1(𝑟) +⋯ +

𝑎1𝑛
(𝑧𝑛(𝑟))2

𝑧′𝑛(𝑟) +
𝑙1

(𝑧𝑛+1(𝑟))2
𝑧′𝑛+1(𝑟) = 0.

(xi) If either 𝐚1 > 𝐚0 or 𝐚1 < 𝐚0, (𝐚0, 𝑙0) is not in 𝑀⋆.

Proofs and comments: (i) The bisection is not on the boundary of
(0), since it goes through (𝐚1, 𝑙1), with 0 < 𝑙1 < 𝑧𝑛+1(𝑟1). The intersec-

ion of convex sets is convex. (ii) follows from the strict monotonicity
f 𝑧𝑛+1(𝑟) = �̂�1(𝑟). (iii) 𝑀⋆ is star-shaped, because (𝐚1, 𝑙1) is contained in
(𝑟) for all 𝑟. (iv) Points on the line segment contained in 𝑀⋆ cannot

xist because of (iii). If 𝑃1 ∈𝑀(𝑟1) −𝑀⋆ and 𝑃2 ∈𝑀(𝑟1) −𝑀⋆ are on

It is clear that one point will be in common to all these sets, it is (𝐚1, 𝑙1). For
⋆
𝑚 is given by Eqs. (2), taken for 𝑚 different rates of profit. Because of the

undamental neo-Ricardian theorem, these equations will all be independent
nd the solutions will be an (𝑛 + 1 − 𝑚)-dimensional set, restricted to non-
egative values. Solutions for higher 𝑚 will be contained in those for lower 𝑚.
f 𝑚 rises to 𝑛+1, the solutions of the corresponding Eqs. (2) will consist of one
oint only, because we will have as many unknowns as we have independent
quations, and this solution can only be (𝐚1, 𝑙1), which belongs to all these sets.
This plethora of switch-points may appeal to the critics of capital theory,

ut we shall see that the possibilities even for only reswitching shrink as
he number of sectors increases. Moreover, many switchpoints mean that the
orresponding curves are very close to each other and hardly distinguishable
rom an empirical point of view. The methods would have to be considered as
qually profitable for practical purposes and one would have to question the
sefulness of the theoretical precision of the theory.
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the same side of the bisection, but there is 𝑃3 ∈𝑀⋆ on the connecting
line segment between them, there must be 𝑟3 such that 𝑃3 ∈𝑀(𝑟3). But,
then, 𝑀(𝑟3) separates 𝑃1 and 𝑃2, contrary to the assumption. (v) and
vi) follow from the fact that 𝑀(𝑟1) ∩𝑀(𝑟2) is a full (𝑛−1)-dimensional

subspace, only restricted to the non-negative orthant. That (𝐚1, 𝑙1) is the
only star-point (vii) follows again from the fundamental neo-Ricardian
theorem. To see it, suppose there was a second star-point. It could be
connected to the first within 𝑀⋆ because of (v). A line going through
both points would have to be in all 𝑀(𝑟) in R𝑛+1+ , hence �̃�(𝑟) would have
to move in the plane determined by the straight line and the origin,
which is impossible, if the system is regular. (viii) is proved in the same
way as (ii). It may be noted that no reswitching will take place also in
the neighbourhood of the coordinate axis, on which reswitching cannot
take place, except for flukes. (ix) follows from
𝑛
∑

𝑖=1

𝑎1𝑖
𝑧𝑖

+
𝑙1
𝑧𝑛+1

=
𝑛
∑

𝑖=1

𝑎1𝑖(1 + 𝑟)�̂�𝑖(𝑟)
�̂�1(𝑟)

+
𝑙1
�̂�1(𝑟)

=
�̂�1(𝑟)
�̂�1(𝑟)

= 1.

This means that, if 𝑧𝑖(𝑟) grows strongly, the other 𝑧𝑗 (𝑟) collectively
have to contract. (x) is obtained by differentiating (ix). If 𝑛 = 2,
because 𝑧′𝑛+1(𝑟) > 0 and 𝑧′1(𝑟) < 0, 𝑧2(𝑟) may have to increase. But
the movement according to the star-equation consists broadly in a
contraction of 𝑧1(𝑟),… , 𝑧𝑛(𝑟), given the rise of 𝑧𝑛+1. If 𝐚1 > 𝐚0, we have
at any switchpoint 𝑟 (𝐚1 − 𝐚0)�̂�(𝑟) = 𝑙0 − 𝑙1. Since the lefthandside rises
strictly monotonically with 𝑟, there can be at most one switchpoint.
Similarly, if 𝐚1 < 𝐚0. This completes the proof of the Lemma.7We have
seen that the simplex 𝑀(𝑟) is spanned by 𝑧𝑖(𝑟)𝐞𝑖, that is, by points on the
coordinate axes that move with 𝑟 according to functions which depend
on the prices �̂�𝑖(𝑟), determined by the system (𝐀, 𝐥). If 𝑛 = 2 and 𝑧𝑛+1
is on the vertical ordinate, 𝑀(−1) is horizontal, 𝑧𝑛+1 = 𝑙1 and 𝑧1(−1)
and 𝑧2(−1) are infinite. As 𝑟 rises from −1 to 𝑅, 𝑀(𝑟) is a triangle
with its tip going up and 𝑧1(𝑟) and 𝑧2(𝑟) getting smaller, until 𝑀(𝑅)
is vertical. Reswitching will be associated with a non-monotonicity of
the intersection of the edges of 𝑀(𝑟1) and 𝑀(𝑟2).

We now want to show that the reswitching body is also spanned by
points, but they are not on the coordinate axes in general, but on the
semi-positive quadrants of the two-dimensional coordinate hyperplanes
𝐻𝑖𝑗 ; 1 ≤ 𝑖 < 𝑗 ≤ 𝑛+1; of which there are 𝑛(𝑛+1)∕2. Since �̃�(𝑟) > 0, the 𝑛-
dimensional hyperplane, in which 𝑀(𝑟) is contained, will cut every 𝐻𝑖𝑗
in a line ℎ𝑖𝑗 (𝑟) which, restricted to the semi-positive orthant, describes
the edge of 𝑀(𝑟) between the vertices 𝑧𝑖(𝑟) and 𝑧𝑗 (𝑟), on the coordinates
𝑖 and 𝑗, which span 𝐻𝑖𝑗 . These edges ℎ𝑖𝑗 (𝑟) of 𝑀(𝑟) are given by the set
of points (𝐚0, 𝑙0) = 𝑥𝑖𝑗𝐞𝑖 + 𝑦𝑖𝑗𝐞𝑗 fulfilling (2) for given 𝑟, and this yields
the equation:

(1 + 𝑟)(𝑥𝑖𝑗 �̂�𝑖(𝑟) + 𝑦𝑖𝑗 �̂�𝑗 (𝑟)) = �̂�1(𝑟) (4)

We thus get a straight line, given 𝑟, with 𝑦𝑖𝑗 as a function of 𝑥𝑖𝑗 . These
lines are well-defined and connect the respective vertices, because all
prices are positive. This holds for 1 ≤ 𝑖 ≤ 𝑗 ≤ 𝑛 + 1, since we defined
�̃�𝑛+1 = 1.

We now turn to 𝑀(𝑟1) ∩𝑀(𝑟2). This set has only the intersections
of ℎ𝑖𝑗 (𝑟1) and ℎ𝑖𝑗 (𝑟2) in common in 𝐻𝑖𝑗 . These intersections follow
from Eq. (2), inserting 𝑟1 and 𝑟2 for 𝑟 to obtain two equations. The
intersections will be denoted as 𝐪𝑖𝑗 (𝑟1, 𝑟2), considered as vectors. The
vectors can be written as 𝐪𝑖𝑗 = 𝑥𝑖𝑗𝐞𝑖 + 𝑦𝑖𝑗𝐞𝑗 . The ℎ𝑖𝑗 (𝑟1) and ℎ𝑖𝑗 (𝑟2) do
not necessarily intersect in R𝑛+1+ , but may have negative components or
their intersection may diverge to infinity in certain interesting special
cases. We write 𝐪𝑖𝑗+ , if the components are semi-positive, and we get the
interesting proposition:

Proposition. 𝑀(𝑟1) ∩𝑀(𝑟2) is spanned by the 𝐪𝑖𝑗+ .

7 Compare Schefold (1997, p.479) and the illustration in Fig. 2.
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Proof. If 𝑃 is in the convex hull of the 𝐪𝑖𝑗+ , 𝑃 is in 𝑀(𝑟1) and
𝑀(𝑟2). Conversely, any 𝑃 in 𝑀(𝑟1) ∩𝑀(𝑟2) is represented by a vector
that fulfils Eq. (2) for 𝑟 = 𝑟1, 𝑟2. The set of solutions is an (𝑛 − 1)-
dimensional manifold, the intersections of which with R𝑛+1+ is spanned
by the extreme points 𝐪𝑖𝑗+ .

Hence 𝑀⋆ is generated by the movement of the 𝐪𝑖𝑗+ with 𝑟2, given
𝑟1, so that the 𝐪𝑖𝑗+ leave a trace on ℎ𝑖𝑗 , which is denoted by𝑓+

𝑖𝑗 . The 𝐪𝑖𝑗

leave a trace on ℎ𝑖𝑗 that may extend beyond R𝑛+1+ , which is denoted by
𝑓𝑖𝑗 . The 𝑓𝑖𝑗 are connected line segments, except where a 𝐪𝑖𝑗 diverges
to infinity. 𝑀⋆ is contained in the convex hull of the 𝑓+

𝑖𝑗 , where 𝑓+
𝑖𝑗 =

𝑓𝑖𝑗 ∩ R𝑛+1+ .
We now express the 𝐪𝑖𝑗 in terms of the prices of (𝐀, 𝐥), using (2).

We limit the calculations to the case 𝑟1 = 0 and 𝑟2 = �̄�, 0 < �̄� ≤ 𝑅
for several reasons. There is no loss of generality involved, insofar
as choosing the possibilities of starting from a high 𝑟1 and looking
for a low 𝑟2 as cases for reswitching and the opposite possibility,
choosing a low 𝑟1 and looking for a high 𝑟2, are symmetric; it suffices
to consider only one. To choose 𝑟1 = 0 has a deeper reason. If one
formally considers also negative rates of profit, we saw that 𝑀(−1) is
a horizontal triangle, if 𝑛 = 2, while 𝑀(𝑅) is vertical. An economically
relevant transition takes place in the middle at 𝑟 = 0. As we noted
above, paradoxes similar to reswitching, but not identical with it, are
found, if one looks for intersections between wage curves in the interval
−1 ≤ 𝑟 ≤ 0. Han and Schefold (2006) show that switches in that interval
indicate that techniques differ in their sectoral capital-intensity, while
the effects become macroeconomic in that they affect the aggregate
capital-intensity, if 𝑟 > 0. Studying this transition helps to extend
the analysis, if one is interested in the sectoral paradoxes and their
connection with reswitching. However, we here focus on the interval
[0, 𝑅], since the debate has focused on this case. It must be kept in
mind in what follows, that reswitching in the exact sense of two switch-
points, with the second indicating an increase of the capital-intensity,
as the rate of profit is raised beyond the switch-point, requires 𝑟1 >
0, whereas 𝑟1 = 0 means that the two capital-intensities are equal,
precisely because we are dealing with the transition.

Our calculations begin with the most important special case, 𝑖 = 1
and 𝑗 = 𝑛 + 1, where 𝑧1 is strictly monotonically falling and 𝑧𝑛+1
strictly monotonically rising (𝑧1 = 1∕(1 + 𝑟), 𝑧𝑛+1 = �̂�1(𝑟)). Inserting
𝐪1,𝑛+1 = 𝑥1,𝑛+1𝐞1 + 𝑦1,𝑛+1𝐞𝑛+1 in (2) for 𝑟 = 0 and 𝑟 = �̄� results in the
equations (omitting subscripts, where not necessary, and writing 𝑟 for
�̄�):

𝑥�̂�1(0) + 𝑦 = �̂�1(0)

𝑥(1 + 𝑟)�̂�1(𝑟) + 𝑦 = �̂�1(𝑟).

Hence

𝑥 =
�̂�1(𝑟) − �̂�1(0)

(1 + 𝑟)�̂�1(𝑟) − �̂�1(0)
, 𝑦 =

𝑟�̂�1(0)�̂�1(𝑟)
(1 + 𝑟)�̂�1(𝑟) − �̂�1(0)

. (5)

Clearly, 𝑥 and 𝑦 remain positive for 0 < 𝑟 < 𝑅. The limits are:

𝑥(𝑅) = lim
𝑟→𝑅

1 − �̂�1(0)∕�̂�1(𝑟)
1 + 𝑟 − �̂�1(0)∕�̂�1(𝑟)

= 1
1 + 𝑅

.

𝑦(𝑅) = lim
𝑟→𝑅

𝑟�̂�1(0)
1 + 𝑟 − �̂�1(0)∕�̂�1(𝑟)

= 𝑅
1 + 𝑅

�̂�1(0).

Further we get, using the rule of de L’Hospital,

𝑥(0) = lim
𝑟→0

�̂�′1(𝑟)

(1 + 𝑟)�̂�1(𝑟) + �̂�′1(𝑟)
= 1

1 + �̂�1(0)∕�̂�′1(0)
< 1.

𝑦(0) = lim
𝑟→0

�̂�1(0)[�̂�1(𝑟) + 𝑟�̂�′1(𝑟)]

(1 + 𝑟)�̂�′1(𝑟) + �̂�1(𝑟)
=

�̂�1(0)
1 + �̂�′1(0)∕�̂�1(0)

.

In the case of the labour theory of value, we can use Sraffa’s wage
curve 𝑤 = 1 − 𝑟∕𝑅. Standard prices 𝑝 are equal to prices �̂� (0) at all
𝑖 𝑖
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Fig. 1. Labour theory of value case.

rates of profit, hence �̂�𝑖(𝑟) =
𝑅

𝑅 − 𝑟
𝑝𝑖(0). We get

𝑥(𝑟) =
�̂�1(0)

( 𝑅
𝑅 − 𝑟

− 1
)

�̂�1(0)
( 1 + 𝑟
𝑅 − 𝑟

𝑅 − 1
)

= 1
1 + 𝑅

.

𝑦(𝑟) =
(�̂�1(0))2

𝑟𝑅
𝑅 − 𝑟

�̂�1(0)
( 1 + 𝑟
1 + 𝑅

𝑅 − 1
)

= 𝑅
1 + 𝑅

�̂�1(0).

The limits obtained for 𝑥(0) and 𝑦(0) can in the case of the labour theory
of value be shown to be equal to 𝑥(𝑅) and 𝑦(𝑅), respectively.

For 𝑖 = 2,… , 𝑛 and 𝑗 = 𝑛 + 1, one finds that 𝑥(𝑟) > 0, 0 ≤ 𝑟 ≤ 𝑅, as
above, but 𝑦(𝑟) may become negative in some range: a fact which we
shall have to interpret below. In the case of the labour theory of value,
one gets:

𝑥 =
�̂�1(0)
�̂�𝑖(0)

1
1 + 𝑅

, 𝑦 = 𝑅
1 + 𝑅

�̂�1(0).

No general results seem to exist for the remaining cases 1 ≤ 𝑖 < 𝑗 ≤
𝑛, except if the labour theory of value holds: then, 𝑥 and 𝑦 will diverge.

3. Illustration by means of diagrams

We illustrate the preparatory results geometrically and empirically.
The original diagrams are in colour. The colours are represented by
shades of grey in print which suffices for understanding them. The
originals in colour can be found in the data-set of the journal and on my
home page. If 𝑛 = 2, and if we stick to the assumption 𝑟1 = 0 and look
for switch-points in 0 < 𝑟 < 𝑅, we get a three-dimensional diagram.

Remember that the vertices of 𝑀(𝑟), the simplex of the set of
potential methods of production as profitable as (𝐚 , 𝑙 ) at 𝑟, are given
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1 1
Fig. 2. 𝑀⋆ (dark green area) is contained in the convex hull 𝑀⋆⋆ (light green area)
of 𝑓13 and 𝑓23 and this is contained in a simplex 𝑀⋆⋆⋆, spanned by the endpoints of
𝐟13 = 𝐪13(𝑟2), 𝐟23, or 𝐪23(𝑟3) and 𝑧3(0)𝐞3, to be considered in Theorem 1 below. 𝑀⋆⋆⋆

thus contains 𝑀⋆⋆ and the tip of 𝑀(0). The vertices 1 and 2 move toward the origin,
though 2 moves temporarily away from it, 3 moves monotonically away from it (Lemma
ix). Accordingly, 𝑧1(𝑟) and 𝑧2(𝑟) are falling, so is 𝑥13, but 𝑥23 increases, as the line
segment 𝑀(0) ∩𝑀(𝑟) turns around 𝑃1 = (𝐚1 , 𝑙1) and 𝑧2 is not monotonous. Note that
𝐪12 is obtained as the point where a line through 𝐪23 and 𝐪13 hits the plane 𝐻12 and
intersects with ℎ12(0) outside the non-negative orthant (not drawn). Note also that
𝐚0 > 𝐚1 in the triangle 𝐺1𝑃1𝐺2, bordered by 𝑔1 , 𝑔2 and ℎ12(0), while 𝐚0 < 𝐚1 in the
parallelogram between 𝑃1 and 𝑧3(0)𝐞3, so that reswitching cannot take place in those
areas according to Lemma xi.8 (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)

on the axes for the commodities and labour by 𝑧𝑖(𝑟) according to Eq. (3),
and the 𝐪𝑖𝑗 denote the points of intersection of the simplices at different
levels of the rate of profit in the coordinate hyperplanes 𝑖, 𝑗. The edges
of the simplices in these hyperplanes are denoted by ℎ𝑖𝑗 .

If the labour theory of value holds, 𝐪13 = [1∕(1 +𝑅), 𝑅�̂�1(0)∕(1 +𝑅)]
and 𝐪23 = [�̂�1(0)∕(1 + 𝑅)�̂�2(0), 𝑅�̂�1(0)∕(1 + 𝑅)] and 𝐪12 diverges. The
simplex 𝑀(𝑟) stands up, starting from 𝑀(0), turning around an axle
fixed by 𝐪13 and 𝐪23, representing 𝑀⋆ and containing 𝑃1 = (𝐚1, 𝑙1). The
lines ℎ12 remain parallel, for 𝐪12 diverges, as we saw above (Fig. 1).

If 𝑛 = 2, the variation of relative prices of a regular system with
𝑟 will cause the simplex to turn in some way such that 𝑀(0) ∩ 𝑀(𝑟)
always contains (𝐚1, 𝑙1) – 𝑀⋆ is starshaped. Note that 𝐥 > 0 so that
(𝐚1, 𝑙1) is always above ℎ12(𝑟). 𝑀(𝑟) turns vertical at 𝑟 = 𝑅. As we saw,

8 Various insights can be gained from this relationship. If 𝑃1 is shifted to the
left so that 𝑎12 = 0, the second commodity becomes a non-basic and the scope
for reswitching increases. Examples for reswitching are easier to construct, if
they involve non-basics. Compare Note, Section 5.



Structural Change and Economic Dynamics 67 (2023) 128–150B. Schefold

t
a

t
(
w
s
t
t
l
g
h

P
t
(
𝑟

b
c
a
𝑀
t
t
t
m
t
t
𝐪
𝐪

t
w

l
e
𝑟

𝑎

Fig. 3. The case of a transgression. Note that 𝐪23 is in 𝐻23, with 𝑦23 < 0, 𝑥23 > 0, in
he point of 𝐻23 where the three lines ℎ23(0), ℎ23(𝑟) and the straight line through 𝐪13
nd 𝐪12 meet. The green area illustrates how 𝑀⋆ might grow with a further increase

of 𝑟 to �̄�. (For interpretation of the references to colour in this figure legend, the reader
is referred to the web version of this article.)

𝑧1(𝑟) = 1∕(1 + 𝑟) will always fall and 𝑧2(𝑟) = �̂�1(𝑟)∕(1 + 𝑟)�̂�2(𝑟) will also
tend to do that; the factor (1+ 𝑟) helps to get this effect (see Appendix).
If not, the likeliest case seems to be (it is at any rate the one most
frequently observed in our empirical investigation, see below) that 𝑥13
falls, while 𝑥23 rises; the latter is possible even with 𝑧2(𝑟) falling, if �̂�1(𝑟)
goes up fast enough, but this possibility has not been drawn in Fig. 2.
Clearly, 𝑥23 rises with a bigger effect, if 𝑧2(𝑟) rises temporarily as in
Fig. 2 or even throughout 0 < 𝑟 < 𝑅, as indicated in Fig. 3. 𝑀⋆ will
cover a larger area of 𝑀(0); see Fig. 2, if 𝑧2 is not monotonous and/or
rising. As Ricardo realised in 1815 (Ricardo, 1951), the price of the
product of a capital-intensive industry rises relative to other prices with
a rise of the rate of profit. Hence it seems that a high capital-intensity
in sector 1, the one examined for reswitching, is favourable for it, and
this will be confirmed in the next example.

Sraffa’s standard prices do not deviate from linearity as much and
as often as once had been thought both for theoretical reasons and
according to empirical findings summarised in Appendix. However,
𝑧2(𝑟) need not always be falling as in Fig. 1. It may rise temporarily
as in Fig. 2; it need not be monotonous. Fig. 3 illustrates the possibility
that 𝑧2(𝑟) increases in some interval beyond 𝑧2(0), so that 𝑥23 increases
as well, with 𝑦23 < 0 but 𝑦13 > 0, and 𝑦12 > 0.

We speak of a transgression on coordinate 𝑖, if 𝑧𝑖(𝑟) rises beyond
𝑧𝑖(0) in such a way that 𝐪12 > 0. A transgression on one coordinate
means that there are regressions (the opposite) on others according to
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star-equation (ix), Lemma, Properties of the Reswitching Body, above.
Fig. 4. If 𝑛 = 3, 𝑀(0) becomes a tetrahedron, spanned by the vertices 𝑃1 , 𝑃2 , 𝑃3 , 𝑃4 on
he four coordinate axes. 𝑀(0) ∩𝑀(𝑟) results from a cut as a triangle, if one vertex
𝑃4 for labour) is above the plane, three others (for the commodities) below. A cut
ith four corners 𝐴,𝐵, 𝐶,𝐷 is also possible, with two vertices on each side of the

eparating hyperplane. The reader may here verify (i) – (x) of the Lemma, in particular
he two-sided concavity of 𝑀⋆ and the convexity of the two parts of the bisected
etrahedron. The star-point is here denoted 𝑃 ⋆

1 . 𝑀⋆ appears as bordered by straight
ines, because we have drawn only two intersecting two-dimensional hyperplanes. The
eometry is somewhat more complicated and the concave surfaces get smooth, if more
yperplanes are drawn, but we do not go into the details for reasons of space.

Even without transgressions, our geometrical analysis has shown:

roposition. If 𝑛 = 2, if the system is regular and if (𝐚1, 𝑙1) > 0,
he reswitching body consists of two triangles with vertices meeting at
𝐚1, 𝑙1) > 0 with equal angles, and 𝐪13(𝑟1, 𝑟2) and 𝐪23(𝑟1, 𝑟2) move with
2 in opposite directions, given 𝑟1.

We change over to higher dimensions. As a preliminary, it is possi-
le to give a visual representation of the reswitching body 𝑀⋆ in the
ase 𝑛 = 3, for, although the 4 vertices of 𝑀(𝑟) are then on 4 coordinate
xes in 4-dimensional space, 𝑀(𝑟) is a three-dimensional body and
(𝑟1) ∩ 𝑀(𝑟2), 𝑟1 ≠ 𝑟2, is a two-dimensional intersection, because

he movement of �̃�(𝑟) is never enclosed in any subspace according
o the fundamental neo-Ricardian theorem. Fig. 4 shows 𝑀(0) as a
etrahedron, cut by a plane, the cut representing 𝑀(0) ∩ 𝑀(𝑟). The
ovement of 𝑀(𝑟) with 𝑟 results in a reswitching body indicated by

he green area. It is assumed that prices deviate only moderately from
he labour values. This implies that the cut is such that the semi-positive
𝑖𝑗
+ are on the three edges ℎ14, ℎ24, ℎ34, spanning 𝑀(0) ∩𝑀(𝑟), the other
𝑖𝑗 being outside R4

+ (Fig. 4).
If prices are close to labour values, the reswitching body is near

he tip, representing labour, of the tetrahedron, while a transgression
ould take place at one of the vertices of the basis.

We have two possibilities, each limited, to represent systems with
arge 𝑛 in such a way that our insights from the three-dimensional
xample remain useful. If (𝐚0, 𝑙0) ∈ 𝑀⋆, (𝐚0, 𝑙0) will fulfil (2) for some
= 𝑟1 and 𝑟 = 𝑟2 ≠ 𝑟1, and this may be written as, with 𝑟 = 𝑟1, 𝑟2:

01(1 + 𝑟)�̂�1(𝑟) + 𝑎0𝑖(1 + 𝑟)�̂�𝑖(𝑟) + 𝑙0 = �̂�1(𝑟) −
∑

𝑎0𝑗 (1 + 𝑟)�̂�𝑗 (𝑟) = 𝜙𝑖(𝑟). (6)

𝑗≠𝑖
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Fig. 5. Projection of the reswitching body with its convex hull according to R2 below.

The formula shows that the insights gained from examples with 𝑛 = 2
can be extended to 𝑛 > 2 under certain conditions. We have visualised
how 𝑀⋆ is situated in 𝑀(𝑟1), that is, how likely it is that a method
with a switch at 𝑟 = 𝑟1 generates a second switch at some 𝑟2. The
reswitching possibilities were seen to depend on the rates of change
of prices and of the 𝑧𝑖(𝑟), for instance. The constellations will remain
essentially the same, if 𝜙𝑖(𝑟) is monotonically rising, and this will be
the case, if we replace (𝐚0, 𝑙0) in the formula above by (𝐚1, 𝑙1), for then
the left-hand side will rise monotonically, hence also 𝜙𝑖(𝑟). So we get
an approximation for all (𝐚0, 𝑙0) in the vicinity of (𝐚1, 𝑙1).

The other possibility is to restrict the analysis to vectors with
𝑎0𝑗 = 0, 𝑗 ≠ 1, 𝑖, using the prices of the 𝑛-dimensional system and
thus transcending a three-dimensional model. For this, an empirical
investigation has been undertaken. We are not yet concerned with
our ultimate goal of determining how the probability of reswitching
changes as 𝑛 increases; 𝑛 is in Section 4 given by the empirical data. We
only can show how the reswitching body then looks, given the prices
of the system as a whole, for processes employing the first, one other
commodity and labour, if profitability is estimated, using the prices of
the system as a whole. Actually, the convex hull of the reswitching body
will be visualised.

4. An empirical investigation

The prices of a system (𝐀, 𝐥) have been calculated, taking as the
system an input–output matrix for Germany of the year 2011, using
a data set published by Zambelli as supplementary data for Zambelli
(2018). The calculations were made by Jakob Kalb (Kalb, 2021), to
whom I owe thanks. Prices with a uniform rate of profit can be
calculated, as has been done in the last four decades. Appendix refers
to that literature and discusses its main result: prices as a function of
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the rate of profit do vary with distribution, but, if expressed in terms
of labour commanded or as Sraffa’s standard prices, they turn out to
be often quasi-linear, mostly monotonous and inflection points are not
frequent. Appendix mentions proposals to give more precision to such
characterisations and to explain them. Here, we are not concerned with
the prices directly, but with the reswitching body, which ultimately
depends on the movement of the vertices of 𝑀(𝑟), hence on the 𝑧𝑖(𝑟); 𝑖 =
1,… , 𝑛+ 1; and they reflect the prices of other commodities relative to
the price of the industry, where the method change takes place:

𝑧𝑖(𝑟) =
�̂�1(𝑟)

(1 + 𝑟)�̂�𝑖(𝑟)
; 𝑖 = 1,… , 𝑛; 𝑧𝑛+1(𝑟) = �̂�1(𝑟).

All 32 curves 𝑧𝑖(𝑟) were calculated and represented in diagrams. In
accordance with our results of Appendix and with the geometrical
properties of the reswitching body, a clear majority of curves fall
monotonically and are convex. Only one curve is not convex, and five
curves rise after an initial fall.

Given the 𝑧𝑖(𝑟), it is elementary to deduce the edges ℎ𝑖𝑗 (𝑟) of 𝑀(𝑟)
and the intersections 𝐪𝑖𝑗 in each coordinate hyperplane 𝐻𝑖𝑗 . The 𝐻𝑖𝑗
are numerous. Relevant are the 𝐻1,𝑛+1,… ,𝐻𝑛,𝑛+1, for, as above, the
𝑥-component of 𝐪𝑖𝑗 = 𝑥𝑖𝑗𝐞𝑖 + 𝑦𝑖𝑗𝐞𝑗 is positive for all 𝑖, if 𝑗 = 𝑛 + 1.
Hence 𝑥𝑖,𝑛+1(𝑟) was calculated from (5) for 𝑖 = 1,… , 𝑛. In addition,
𝑡𝑖 = 𝑥𝑖,𝑛+1(𝑟)∕𝑧𝑖(0) was calculated for 𝑖 = 1,… , 𝑛 in order to analyse
potential cases of transgression, and only in cases of transgression, the
𝐻𝑖𝑗 , 𝑗 ≠ 𝑛 + 1, play a role, as we shall see (R3). Results:

R1. Of 31 curves for 𝑡𝑖, only 4 are not monotonous, 19 are mono-
tonically falling and 8 rising. Three cases of transgression were
found in that 𝑡𝑖 rises above one, as in Fig. 3. The variation of 𝑡𝑖
was less than 10% in 19 of 31 cases. These results were obtained
when treating the sector Agriculture, hunting, forestry and fishing
– which had been listed first in Zambelli’s data set – as the first
sector, i.e. as the sector in which reswitching is examined.

R2. The calculations were repeated and extended for a German input–
output matrix of 2014, which had previously been used for the
two-country and five-country cases in Kersting and Schefold (2021),
based on the 2016 Release of the World Input Output Database.
After adjustment, 𝑡𝑖 was calculated for 54 sectors. 31 curves
were falling, 18 rising and only 5 not monotonous. Transgression
occurs in 10 of 54 cases, in that 𝑡𝑖 rises above one. In a second
round of calculations, the first sector (which had happened to be
Crop and animal production, hunting and related service activities)
was exchanged with a capital-intensive sector (capital-intensity
measured in labour values) Manufacture of basic metals, which
therefore now produced the first good and became the one for
which reasons for a low or high likelihood of reswitching were
being sought. Here, 𝑡𝑖 rose above one in 39 out of 54 cases. In 15
of the cases, 𝑡𝑖 > 1 occurred even for 𝑟 = 0, and this happened, if
𝑧𝑖(𝑟) was monotonically rising, implying that �̂�1(𝑟) rose relatively
to (1 + 𝑟)�̂�𝑖(𝑟) – a phenomenon characteristic for capital-intensive
production according to Ricardo’s observation referred to above.
If, however, the sector Financial service activities, except insurance
and pension funding was promoted to the role of sector one, only
2 in 54 cases resulted in a rise of 𝑡𝑖 above one. Also, the majority
of curves now were falling (47 out of 54).
The results reported so far are general and are not confined to
the use for a visualisation in three dimensions; however, they
will now be used for this purpose by calculating 𝑓1,𝑛+1, 𝑓𝑖,𝑛+1
and 𝑓1,𝑖 in three dimensions. These line segments are projected
into the plane 𝐻1,𝑖. The convex hull of the projected line seg-
ments is called 𝐶𝑖; 𝑖 = 2,… , 𝑛. A vector (𝐚0, 𝑙0) of the form
(𝑎01, 0,… , 0, 𝑎0𝑖, 0,… , 0, 𝑎0𝑛, 𝑙0) is in 𝑀⋆ and generates reswitching
only, if its projection is in 𝐶𝑖 (Fig. 5).
This is a necessary condition, but not sufficient because, by taking
the convex hull, we have covered the concavities of 𝑀⋆. Going

from 1 to 𝑛, we get by projecting in 𝐻1,2,𝐻1,3,… ,𝐻1,𝑛 (𝑛 − 1)
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Fig. 6. Three representative cases without transgression, designated as 𝐶2 (a), 𝐶8 (b) and 𝐶19 (c) in Kalb (2021). In each case, the abscissa shows the interval between 0 and
𝑧1(0) = 1, while the ordinate stretches from 0 to 𝑧𝑖(0) for 𝑖 = 2, 8, 19.
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pictures of the three-dimensional surface of the convex hull of
𝑀⋆. The analysis could be extended to the interior of 𝑀⋆ by cal-
culating 𝜙𝑖(𝑟) and using formula (6), but this has so far only been
considered in theory. By contrast, the 𝐶𝑖 have been calculated and
drawn by Jakob Kalb from the derived data on prices, using the
input–output table with 31 sectors of 2011 mentioned above and
used for R1. Now we get R3:

R3. We now return to the calculations for the case of 31 sectors, based
on Zambelli’s data of the year 2011. If Agriculture, hunting, forestry
and fishing is used as sector one, the convex hulls are visibly
very narrow and reflect the fact that the projected variations of
𝐪1,𝑛+1 and 𝐪𝑖,𝑛+1; 𝑖 = 2,… , 𝑛; are very narrow, and this means that
surfaces, of which the hulls 𝐶2,… , 𝐶𝑛 are projections, must be
very narrow. The conclusion is valid, since 𝑀𝑖(0) is very close to
the plane, because �̂�1(𝑟) rises very slowly, except near 𝑟 = 𝑅, as
can be seen from the corresponding price diagram. In all but two
cases, the projected line segments of 𝑓1,𝑛+1 and 𝑓𝑖,𝑛+1 are quite
short, and 𝑓1,𝑖 is empty, because 𝐪1,𝑖(𝑟) is not semi-positive. Only
two cases are different and show a transgression, implying that a
short stretch of 𝑓1,𝑖 appears (Figs. 6 and 7).
It turns out that Coke, Refined petroleum and Nuclear fuel is the
most capital-intensive sector. If it is chosen as sector one, ten
cases of transgression are found and the projected convex hulls
are a little less narrow in the 21 other cases. Qualitatively, the
pictures are quite similar. Finally, if the least capital-intensive sec-
tor, Sale, Maintenance and Repair of Motor Vehicles and Motorcycles,
is taken as sector one, the projected convex hulls become very
narrow in most cases and no transgression occurs.

5. Six theorems on the probability of reswitching

We learn from Section 3 (still under the prior assumption of a uni-
form distribution of the potential techniques) that reswitching occurs
near (𝐚1, 𝑙1) in open neighbourhoods, unless the labour theory of value
holds. Hence, the probability of reswitching is positive. But how large
is the reswitching body relative to all potential techniques? Results of
Section 3 suggest that we may distinguish two typical cases:

9 This Diagram 7(c) shows that constellations
uch as in (a) are compatible with Lemma xi: The reswitching body consists of
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Fig. 7. Left diagram: One of only two cases of transgression, which appear, if
Agriculture, hunting, forestry and fishing is sector 1: 𝐶21 (a). On the right, one of ten
transgressions is represented, if Coke, Refined petroleum and Nuclear fuel is chosen as
ector 1: 𝐶19 (b).9

(1) Assume that prices of the system turn out to be such that the
abour inputs of the techniques in the reswitching body are bounded
way from zero. If this is the case, however large is the number of
ectors, that is, for every 𝑛, the reswitching body is entirely contained
n the tip of the simplex 𝑀(0). As 𝑛 grows, more and more vertices of
(0) will be added that contain no techniques with reswitching, their

mass’ will increase indefinitely relative to the reswitching body that
s contained in the tip of 𝑀(0); hence the probability of reswitching
ends to zero. Section 3 shows that this may be expected, if there are no
ransgressions. Section 4 as well as a priori considerations suggest that
his will happen, if the first industry is particularly labour-intensive.
ccording to Ricardo, the price of a commodity that is produced by a

abour-intensive technique will fall relative to the other prices as the
ate of profit rises and the wage rate falls. Hence 𝑧𝑖 =

𝑝1(𝑟)
(1+𝑟)𝑝𝑖(𝑟)

will fall
nd there is no transgression.

(2) But transgressions exist, as Section 3 showed logically. Section 4
howed that transgressions may become numerous, if industry 1 is

the triangles in red. To these are added the triangles in green to get the convex
hull. All triangles have point (𝐚1, 𝑙1) in common. There is no reswitching to
the upper right or lower left of (𝐚1, 𝑙1), where 𝐚1 = (𝑎11, 𝑎1𝑖). However, this
s a special case, in which 𝑎11, 𝑎1𝑖 are the only positive components of 𝐚1. In
eneral, the starpoint of the reswitching body has other positive components.
he projection of the reswitching body on the (𝑎01, 𝑎0𝑖)-plane then leads to

ore complicated patterns, which cannot be discussed here.
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capital-intensive. If there are transgressions, labour inputs of techniques
in the reswitching body are not bounded away from zero any more
and other vertices besides the vertex at the tip of 𝑀(0) will contain
reswitching techniques so that it is not clear any more whether their
’mass’ becomes small relative to the ‘mass’ of 𝑀(0), as 𝑛 grows.

Transgressions will never be in all corners of the simplex 𝑀(0),
since, if some relative prices and hence 𝑧𝑖(𝑟) rise, others must fall
(Lemma ix and x). The question is then how the ‘masses’ of reswitch
points in the vertices with transgressions relate to the total ‘mass’
of 𝑀(0), and Theorems 2, 3, 4 enumerate conditions such that the
probability of reswitching tends to zero as 𝑛 grows. Theorem 5 asks
specifically what happens near the ‘bottom’ of 𝑀(0), where there are
the techniques with vanishingly small labour inputs. Theorem 6 shows
that the probability of reswitching tends to zero, even if a weaker
condition than bounding the labour inputs away from zero is imposed.
It means that a Prior different from the uniform distribution of potential
techniques is imposed. To this we shall return in Section 6.

It should have become clear that our geometric exercises only serve
to express what we know about the influence of distribution on relative
prices and of these on the choice of technique in a convenient form.
The reader not interested in mathematical detail may move from here
to Section 6.

Our findings justify the assumptions of the following theorem:

Theorem 1. Assumption (A): Let a productive indecomposable system
(𝐀, 𝐥) be given, 𝐀 ≥ 0, 𝐥 ≥ 0, (𝐚1, 𝑙1) being the first process. An alternative
process (𝐚0, 𝑙0) is as profitable as process (𝐚1, 𝑙1) at 𝑟 = 0. The probability
as defined above for the existence of a reswitch for (𝐚0, 𝑙0)

1.1) is zero, if the labour theory of value holds,
1.2) is positive, if the system is regular,
1.3) tends to zero with 𝑛 → ∞ for 𝑟 in [𝜖, �̄�], 0 < 𝜖 < �̄� < 𝑅, if the system

is regular and if the movement of relative prices is bounded by the
condition
𝑝1(𝑟)
𝑝𝑖(𝑟)

< (1 + 𝜖)
𝑝1(0)
𝑝𝑖(0)

(⋆)

for 𝑖 = 2,… , 𝑛.

Proof (1.1). and (1.2) were proved in Schefold (1976); the main argu-
ments have been repeated here. As to (1.3), the condition, rewritten
as
𝑝1(𝑟)
𝑝1(0)

< (1 + 𝜖)
𝑝𝑖(𝑟)
𝑝𝑖(0)

≤ (1 + 𝑟)
𝑝𝑖(𝑟)
𝑝𝑖(0)

,

mplies
�̂�1(𝑟)
�̂�1(0)

− 1 < (1 + 𝑟)
�̂�𝑖(𝑟)
�̂�𝑖(0)

− 1,

ence
�̂�1(𝑟) − �̂�1(0)

(1 + 𝑟)�̂�𝑖(𝑟) − �̂�𝑖(0)
<
�̂�1(0)
�̂�𝑖(0)

.

he left-hand side is equal to 𝑥𝑖(𝑟) according to (5), extended from 𝑖 = 1
to 𝑖 = 2,… , 𝑛, the right-hand side to 𝑧𝑖(0). The 𝑥𝑖(𝑟) are continuous in
[𝜖, �̄�] and have a maximum �̄�𝑖. This means that the 𝑓𝑖,𝑛+1 extend on ℎ𝑖,𝑛+1
up to maxima 𝑓𝑖; the corresponding vector is 𝐟𝑖. The 𝐟𝑖, together with
𝑧𝑛+1𝐞𝑛+1, span a simplex 𝑀⋆⋆⋆ that contains the tip of 𝑀(0), 𝑀⋆ and
its convex hull 𝑀⋆⋆ (compare Fig. 2) and is contained in 𝑀(0). Define,
using the euclidean vector norm ‖ ⋅‖, ‖𝐟𝑖−𝑧𝑛+1𝐞𝑛+1‖∕‖𝑧𝑖𝐞𝑖−𝑧𝑛+1𝐞𝑛+1‖ =
𝛾𝑖. Clearly, 𝛾𝑖 < 1. Introduce a coordinate system and the euclidean
metric in the 𝑛-dimensional hyperplane 𝐻0 containing 𝑀(0), let the
points corresponding to 𝑧𝑖𝐞𝑖; 𝑖 = 1,… , 𝑛 + 1; be represented by vectors
𝐯𝑖 in 𝐻0. The 𝑛-dimensional measure 𝜇 of 𝑀(0) then is

𝜇(𝑀(0)) = 1
|det(𝐯 − 𝐯 ,… , 𝐯 − 𝐯 )| .
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𝑛! | 1 𝑛+1 𝑛 𝑛+1 |
We denote the corresponding vectors in 𝐻0 spanning 𝑀⋆⋆⋆ by �̄�𝑖. The
̄𝑖 − �̄�𝑛+1 are shorter than the 𝐯𝑖 − 𝐯𝑛+1 by the factors 𝛾𝑖; 𝑖 = 1,… , 𝑛; so
hat

(𝑀⋆⋆⋆) = 1
𝑛!

|

|

det(�̄�1 − �̄�𝑛+1,… , �̄�𝑛 − �̄�𝑛+1)||

= 1
𝑛!

|

|

det(𝛾1(𝐯1 − 𝐯𝑛+1),… , 𝛾𝑛(𝐯𝑛 − 𝐯𝑛+1))|| .

ence 𝜇(𝑀⋆⋆⋆) = 𝛾1 ⋅… ⋅ 𝛾𝑛𝜇(𝑀(0)), and since 𝜇(𝑀⋆⋆⋆) contains 𝑀⋆,
he probability for reswitching 𝜇(𝑀⋆)

𝜇(𝑀(0))
is at most 𝛾1 ⋅… ⋅ 𝛾𝑛 and tends

o zero for 𝑛→ ∞. □

On the one hand, the theorem overstates the conditions necessary
or the probability of reswitching to tend to zero for 𝑛 → ∞, because
he estimate is based on the convex hull of 𝑀⋆ and does not take
he concavity of the reswitching body into account, which is like

concave lens, very thin (ultimately one point) in the middle, but
otentially thick on the margin around it.10 On the other hand, the
ssumptions of the Theorem exclude strong variations of prices, which
ead to transgressions. If 𝑥𝑖(𝑟) > 𝑧𝑖(0), 𝑀⋆ is still contained in 𝑀(0),
ecause the analysis is confined to semi-positive (𝐚0, 𝑙0). But points exist
hat are like reswitch-points in that they belong to the hyperplanes
ontaining 𝑀(0) and 𝑀(𝑟), for some 𝑟, 0 ≤ 𝑟 ≤ 𝑅. They could be called
seudo reswitch-points; they are not contained in simplex 𝑀⋆⋆⋆ that
ontains the tip of 𝑀(0), 𝑀⋆ and the convex hull 𝑀⋆⋆ of 𝑀⋆.

In order to include transgressions in our analysis, we begin with a
euristic description of the possible constellations. 𝑀(0) is bisected by
𝑀⋆⋆ into the top part 𝑀𝑡 (defined as the top because it includes the
tip, where there is no reswitching), and the bottom part 𝑀𝑏 between
𝑀⋆⋆ and the basis 𝐵 (the top may also reach down to the basis, as
we shall see). One shows as in the Lemma that 𝑀𝑡 and 𝑀𝑏 are disjoint
and convex and not empty. It is also clear that they are not of measure
zero for any given finite 𝑛. The basis 𝐵 is an (𝑛−1)-simplex spanned by
the endpoints of 𝑧𝑖(0)𝐞𝑖; 𝑖 = 1,… , 𝑛; which coincide with the endpoints
of 𝐟𝑖, the vectors that go from the tip of 𝑀(0), 𝑧𝑛+1𝐞𝑛+1, to 𝑧𝑖(0)𝐞𝑖.
Under the assumptions of Theorem 1, there is no reswitching at basis
𝐵. Transgressions imply that neighbourhoods, possibly edges and entire
simplices of lower order contained in 𝐵 become part of the reswitching
body.

We distinguish two kinds of transgression at vertex 𝑖; 𝑖 = 2,… , 𝑛;
a weak transgression, if 𝑓𝑖,𝑛+1 contains the vertex 𝑧𝑖(0)𝐞𝑖, and a strong
transgression, if 𝑓𝑖,𝑛+1 lies entirely beyond the vertex on ℎ𝑖,𝑛+1 (Fig. 7
left and Fig. 7 right). We call a vertex empty, if there is no transgression
(Fig. 6). Note again that vertices 1 and 𝑛 + 1 are always empty. Fig. 8
illustrates the three possibilities for the vertices in the case 𝑛 = 3, with
the convex hull 𝑀⋆⋆ of 𝑀⋆. Compare with Fig. 4, where all vertices
re empty.

The interested reader may draw such diagrams in the case 𝑛 = 3 for
ll conceivable constellations, like two empty vertices and one weak
ransgression, but not all are economically possible. Three transgres-
ions simultaneously are excluded, because vertex one is always empty
we proved in Section 2 that 𝑥1,𝑛+1(𝑟) < 𝑧1(0) = 1 for 0 ≤ 𝑟 ≤ 𝑅).
ote that if we could have strong transgressions at all three vertices of

he basis, 𝑀⋆⋆ would be empty because the convex combinations of
14, 𝑓24, 𝑓34 would entirely lie outside R4

+ (‘‘below’’ the basis 𝑃1𝑃2𝑃3).
y contrast, the probability of reswitching would tend to one, if we
ould have weak transgressions on all vertices 𝑃1, 𝑃2 and 𝑃3 at the basis.

In the present case of Fig. 8, the transgressions ‘‘induce’’ a boundary
of 𝑀⋆⋆ on the basis near 𝑃2 and 𝑃3, bordered by 𝑃5𝑃2, 𝑃2𝑃6, 𝑃6𝑃7 and
𝑃7𝑃5. Again, if the mass of reswitch-points on and above corresponding
to this area becomes large enough as 𝑛 tends to infinity, the probability
of reswitching will not go to zero as in Theorem 1. At the same time,

10 This concavity may be invoked to complete the above proof, if the 𝛾𝑖 < 1
tend to 1 for 𝑛→ ∞, using the method of Theorem 5.
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𝑛

Fig. 8. The convex hull 𝑀⋆⋆, if 𝑛 = 3 and vertices 1 and 4 are empty, vertex 2 shows a case of a weak and vertex 3 of a strong transgression.
it is not true anymore that the top is separated from the basis. Area
𝑃6𝑃3𝑃7 is part of the top 𝑀 of 𝑀(0) in Fig. 8.

It is clear from simplex theory that there are hyperplanes of order
− 1 which bisect 𝑀(0) and 𝑀⋆⋆ in such a way that all empty

vertices are on one side and all vertices with transgressions on the
other (compare points 𝐴,𝐵, 𝐶,𝐷 in Fig. 4). It is intuitive that, with the
method employed in the proof of Theorem 1, the measure of that mass
of points of 𝑀⋆⋆ which is in the upper part will be zero relatively to
that of 𝑀(0), but that cannot be said for the lower part. The question
comes up, addressed in Schefold (2016), whether there is empty room
in the upper part of 𝑀(0) in this new division to accommodate the
points near the basis of 𝑀⋆⋆ with the result that 𝑀⋆⋆, partly shifted
into the empty spaces, will be contained in a simplex like 𝑀(0), with
only the 𝐟𝑖 shortened.

Whether this will be possible depends highly on the number of
empty vertices relative to all vertices. Our empirical investigation has
shown (for details see Section 4) that the 𝑧𝑖(𝑟) are predominantly
monotonous and transgressions rare on average, in that they are rare
if the capital-intensity of sector 1 corresponds to the average or is
lower than that. Since we are here concerned with the probability of
reswitching in models with many sectors, the probability has to be
calculated for the average case. The number of empty vertices is more
than half the number of all vertices, and this is what we should expect
also on theoretical grounds: on the one hand because prices tend to be
quasi-linear (as is discussed in Appendix), on the other, more directly,
because Sraffa prices, by virtue of the normalisation, must in part go
up, in part down. Since 𝑧𝑖(𝑟) = 𝑝1(𝑟)∕(1 + 𝑟)𝑝𝑖(𝑟), the factor 1∕(1 + 𝑟)
implies that the downward pressure prevails. This is shown in detail
in Appendix for those 𝑧𝑖 for which 𝑝1(𝑟) and 𝑝𝑖(𝑟) can be approximated
by Eq. (10) or (11) with 𝑇 = 0 – the majority of price curves according
to the empirical literature quoted in Appendix – and it is in accordance
139
with (ix) and (x) of the Lemma. If the majority of the 𝑧𝑖(𝑟) are falling,
compensating for the rise of 𝑧𝑛+1(𝑟), the majority of the vertices must be
empty. The conclusion is essential for what follows, in that it motivates
the key formal assumptions of Theorems 2, 3, 4, 5.

The vertices can be numbered so that vertices 1,… , 𝑚 are empty
and 𝑚 + 1,… , 𝑛 show transgressions. We suppose that 𝑚∕𝑛 > 1∕2 and
that this ratio tends rather to rise than to fall with 𝑛, because larger
systems will have more random properties. Of course, these are so far
only broad tendencies, which can be given a more precise meaning
only in specific circumstances — what is needed is a theory of partially
random matrices.

We simplify the presentation by using the diagrammatic technique
developed for the case 𝑛 = 2, but interpret the edges of 𝑀(0) as per-
taining to a simplex of higher dimension 𝑛. Also, we draw 𝑀⋆ as if the
(𝑛−1)-dimensional surfaces bordering it were flat (cf. the remark made
in the legend to Fig. 4). These surfaces have (𝐚1, 𝑙1) in common. We
represent them schematically as line segments intersecting at (𝐚1, 𝑙1).

We draw the following diagrams assuming that there is an empty
vertex on the left and a vertex with transgression on the right; the
drawing of the other possible constellations is left to the reader.

We have generally assumed that the system is basic and explained
our reasons for doing so, but non-basics have played an important role
in an earlier phase of the debate about capital theory, and, anyway,
(𝐚1, 𝑙1) is not necessarily positive, it may fall on the boundary and even
on just one edge of 𝑀(0). If 𝑓14 in Fig. 8 shrinks to a point, the first
commodity is basic and commodities 2 and 3 non-basic. Non-basics can
therefore be considered as limit cases of our analysis, as will be further
exemplified in a Note at the end of this section. Non-basics do not affect
our conclusions substantially, in particular with regard to the following
Theorem 2.

The simplest estimate of the potential of reswitching is obtained
⋆ ⋆⋆
if one includes not only 𝑀 and 𝑀 , but also the top of 𝑀(0) and
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Fig. 9. 𝑀⋆⋆⋆ ⊇ 𝑀⋆⋆ ⊇ 𝑀⋆ is the convex hull of the tip of 𝑀(0), 𝑃𝑛+1, of the 𝑓𝑖,𝑛+1 and of the 𝑓𝑗,𝑛+1 and includes points of reswitching that are not semi-positive, because there
is a transgression at each vertex 𝑗, 𝑗 = 𝑚 + 1,… , 𝑛. The transgression drawn is weak, but the same result and almost the same diagram result, if it is strong. The reswitching body
𝑀⋆ contains only reswitch-points that are non-negative, hence it excludes the tails extending from the basis 𝐵 of 𝑀(0) to the 𝐟𝑗 . But the existence of the tails implies that part of
the basis 𝐵 between 𝐹 and 𝐟𝑗 belongs to 𝑀⋆, hence also to the convex hull 𝑀⋆⋆ of 𝑀⋆. The basis 𝐵 is spanned by 𝐟1 ,… , 𝐟𝑛. The borders 𝐸 and 𝐹 result from the intersections
of the simplices spanned by 𝐟1 ,… , 𝐟𝑛 and 𝐟⋆1 ,… , 𝐟⋆𝑚 , 𝐟𝑚+1 ,… , 𝐟𝑛 with 𝐵 respectively, where 𝐟⋆𝑖 stand for the minima of 𝑓𝑖,𝑛+1; 𝑖 = 1,… , 𝑚.
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the convex hull of all points of reswitching, including those that are
not semi-positive (‘pseudo switch-points’) and that arise because of
transgressions as in Fig. 7, left side. This set has been called 𝑀⋆⋆⋆ (see
ig. 2). As in the proof of Theorem 1, 𝐟𝑖 is the vector going from the

tip of 𝑀(0) up to the maximum 𝑓𝑖 of 𝑓𝑖,𝑛+1, as shown in the schematic
Fig. 9. Obviously, 𝐟𝑖 = 𝛾𝑖𝑓𝑖 with 𝛾𝑖 < 1, if vertex 𝑖 is empty and 𝛾𝑖 > 1,
if there is a transgression. The intermediate case 𝛾𝑖 = 1 is taken up in
Theorem 3.

Theorem 2. Suppose a system fulfils assumption (A) of Theorem 1, and
uppose 𝑚 is the number of empty vertices and 𝑛−𝑚 that of transgressions,
with 𝑚∕𝑛 > 1∕2. Suppose the vertices 𝑖 = 1,… , 𝑛 can be grouped into 𝑛−𝑚
not overlapping groups 𝑖𝑗1,… 𝑖𝑗𝑘; 𝑘 ≥ 1; 𝑗 = 𝑚 + 1,… , 𝑛; ∑𝑛

𝑗=𝑚+1 𝑖𝑗𝑘 = 𝑚
ith 𝛾𝑖𝑗1 ⋅ … ⋅ 𝛾𝑖𝑗𝑘 < 1∕𝛾𝑗 . Then the probability that such systems exhibit
eswitching will tend to zero as 𝑛→ ∞.

The Proof is obvious: one gets 𝜇(𝑀⋆⋆⋆)∕𝜇(𝑀(0)) → 0, and 𝜇(𝑀⋆) <
𝜇(𝑀⋆⋆⋆). The essential assumption is that the 𝛾𝑖 can be grouped so that
for each 𝑗 with 𝛾𝑗 > 1; 𝑗 = 𝑚 + 1,… , 𝑛; there is at least one 𝛾𝑖𝑗1 ,… , 𝛾𝑖𝑗𝑘
such that 𝛾𝑖𝑗1 ⋅ … ⋅ 𝛾𝑖𝑗𝑘 ⋅ 𝛾𝑗 < 1: the edges with 𝑓𝑖 < 𝑓𝑖; 𝑖 = 1,… , 𝑚;
compensate for the edges with 𝑓𝑗 > 𝑓𝑗 ; 𝑗 = 𝑚+1,… , 𝑛. This is plausible
if 𝑚 ≫ 𝑛 − 𝑚. The estimate overstates the probability, because 𝑀⋆⋆⋆

includes the top and, more importantly, 𝑛−𝑚 volumina of the ‘tails’ with
not semi-positive points of the transgression, and moreover, points due
to the formation of the convex hulls. But the calculation of the volume
of 𝑀⋆⋆⋆ is easy, following the method used in the proof of Theorem 1.

The basis 𝐵 of the 𝑛-simplex 𝑀(0) consists of an (𝑛 − 1)-simplex
formed from the 𝑛 tips of the vectors 𝐟1,… , 𝐟𝑛. We also can define
a (𝑛 − 1)-simplex 𝑆 from the tips of the vectors 𝐟1,… , 𝐟𝑚, 𝐟𝑚+1,… , 𝐟𝑛,
connecting the maxima of the 𝑓𝑖,𝑛+1, where the vertices are empty,
with the vertices 𝐟𝑗 , where there are transgressions, schematically
represented in Fig. 10. Simplex 𝑆 divides 𝑀⋆; a domain 𝐷1 between
𝑆, 𝐵 and the lower boundary of 𝑀⋆ (represented schematically as flat
in the diagram, though it is not) and a domain 𝐷2 between 𝑆 and the
lower boundary of 𝑀⋆, where 𝑀⋆ is concave and contains (𝐚1, 𝑙1) –
now supposed to be positive – as the star-point. Define 𝑀⋆⋆⋆ this time
as the convex hull of the tip of 𝑀(0) and 𝑆.

Theorem 3. If 𝜇(𝐷1) ≤ 𝜇(𝐷2), 𝜇(𝑀⋆⋆⋆)∕𝜇(𝑀(0)) ←←←←←←←←←←←←←←←←←←←←←→
𝑛→∞

0 and the
probability of reswitching tends to zero.
140
The Proof is again obvious; we have

𝜇(𝑀⋆⋆⋆)∕𝜇(𝑀(0)) = 𝛾1 ⋅… ⋅ 𝛾𝑚.

Instead of compensating for 𝛾𝑚+1 > 1,… , 𝛾𝑛 > 1 as in the previous
theorem, we have shifted part of 𝑀⋆, as Fig. 10 illustrates.

The essential condition of Theorem 3, 𝜇(𝐷1) ≤ 𝜇(𝐷2), will be
fulfilled only if 𝑚∕𝑛 is close to one; moreover, we must have (𝐚1, 𝑙1) > 0.
So this is only a possibility. A more general construction results, if we
let 𝑆 shift towards the bottom so that the space corresponding to 𝐷2 in
Fig. 10 expands and that corresponding to 𝐷1 contracts. The vertices
of 𝑆 on ℎ𝑖,𝑛+1 are represented by vectors 𝐟𝑖 that originate in 𝑃𝑛+1 and
fulfil ‖𝐟𝑖‖ ≤ ‖𝐟𝑖‖ ≤ ‖𝐟𝑖‖. If continuous paths are prescribed for the
movement of the 𝐟𝑖 from 𝐟𝑖 to 𝐟𝑖 – there is some freedom in choosing
them – intermediate values 𝐟⋆𝑖 will be found, for which what is now
�̃�1 in Fig. 11 is just accommodated in �̃�2 (if such an expansion is at
all necessary, because it may be, as in Fig. 10, that the mass of 𝐷1 can
be accommodated in 𝐷2). The schematic diagram looks as if this could
easily be done, because the area of 𝐷1 (�̃�1) in Fig. 10 11 looks smaller
than the area of 𝐷2 (�̃�2), but these areas stand for partial volumina
f simplices of dimension 𝑛, and there is more volume in the bottom
ear the basis than above it. Hence it is possible that all 𝐟𝑖 will tend to
𝑖, and if they do, the probability of reswitching is not zero, but one!

hether systems (𝐀, 𝐥) exist that generate this kind of behaviour is not
nown. I doubt it, I certainly have never seen one, but, until a proof
f impossibility is found, the formal possibility has to be taken into
ccount.

heorem 4. If, as 𝑛 tends to infinity, a number 𝑛⋆ of 𝐟⋆𝑖 with ‖𝐟⋆𝑖 ‖ < ‖𝐟𝑖‖
an be found, which tends to infinity with 𝑛, the probability of reswitching
ends to zero.

roof. If 𝑀⋆⋆⋆ is defined as the convex hull of 𝑃𝑛+1 and 𝑆 in 𝑀(0),
the conclusion follows as in the proof of Theorem 3. By the same
consideration we get the

Corollary. If all but a finite number of 𝑓⋆𝑖 , say 𝑖 = 1,… , 𝑘, tend
o 𝐟𝑖, the probability of reswitching will tend to 𝛾1 ⋅ … ⋅ 𝛾𝑘, where
= ‖𝐟⋆‖∕‖𝐟 ‖.
𝑖 𝑖 𝑖
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Fig. 10. Simplex 𝑆 connects the maxima 𝐟𝑖 of the 𝑓𝑖,𝑛+1 of the empty vertices with the vertices 𝐟𝑗 with transgressions. The part of 𝑀⋆ between 𝑆 and basis 𝐵 is transferred into
the cavity between concave 𝑀⋆ and 𝑆.
Fig. 11. The volume �̃�1 of 𝑀⋆ enclosed between 𝑆 and 𝐵 is equal to the volume of 𝑀(0) enclosed between 𝑆 and the lower boundary of 𝑀⋆, thanks to the choice of the
vertices 𝑓⋆𝑖 of 𝑆.
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Before discussing this result, we complement it with Theorem 5,
for the proof of which we use another method to estimate the volume
of 𝑀⋆ relative to 𝑀(0): we use cones. Fig. 12 shows that, after some
rearrangement of the masses, we can represent the volume of 𝑀⋆ as
ontained in the volumes of two cones. Fig. 8 illustrates how 𝑀⋆⋆

xtends to the basis of 𝑀(0), if transgressions are involved. In order
o be able to use the part of 𝑀⋆ pertaining to the basis as a measure of
he extent of the transgressions, we make the simplifying assumption
hat the boundaries of 𝑀⋆ can be represented by two (𝑛− 1)-simplices
hence the boundaries are not only drawn, but actually assumed as flat),
hich connect the minima of 𝑓𝑖,𝑛+1 with the maxima of 𝑓𝑗,𝑛+1, and vice
ersa the maxima of 𝑓𝑖,𝑛+1 with the minima of 𝑓𝑗,𝑛+1, so that each of
he two simplices, 𝑑1 and 𝑑2, are spanned by 𝑛 points (see Fig. 12),
nd 𝑀⋆ is now assumed to lie between them. The basis 𝐵, spanned by
1,… , 𝐟𝑛, will be bisected by 𝑑1, which runs across 𝐵; the separating set
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= 𝑑1 ∩𝐵 is of dimension 𝑛−2. Let 𝑑1 rotate around 𝑏 until it contains
he tip of 𝑀(0), 𝑃𝑛+1, and denote this rotated simplex by 𝑑. This 𝑑 then
isects not only 𝐵, into 𝐵1 with vertices 𝐟1,… , 𝐟𝑚 and 𝐵2 with vertices

𝐟𝑚+1,… , 𝐟𝑛, but the entire 𝑀(0). Consider a hyperplane 𝐻 of dimension
𝑛 − 1 parallel to and above 𝐵 at distance 𝛿 to 𝐵. It cuts 𝐟1,… , 𝐟𝑚 and

; this domain of it is denoted by 𝐵′
1. 𝐵

′
1 will cut 𝑑1 and, if 𝛿 is large

nough, also 𝑑2. Choose 𝛿 so that the volume 𝑉1 below 𝐵′
1 and between

he boundary of 𝑀(0) and 𝑑2 on the one hand and the volume 𝑉2 below
𝐵′
1 and between 𝑑1 and 𝑑 on the other, taken together, are equal to the

volume 𝑉3 above 𝐵′
1 and below 𝑑1 and 𝑑2. Since 𝑉3 = 𝑉1 + 𝑉2, the two

cones, the first formed by 𝐵2 and 𝑃𝑛+1, bordered by 𝑑 and the sides
between 𝐟𝑚+1,… , 𝐟𝑛, of height ℎ = �̂�1(0), and the second formed by 𝐵′

1
and 𝑃𝑛+1, bordered by 𝑑 and the sides between 𝐟1,… , 𝐟𝑚, of height ℎ−𝛿,
will together contain the mass of 𝑀⋆ and the empty top of 𝑀(0). Note
that 𝛿 > 0, because 𝑉2 has only a set of dimension 𝑛 − 2 in common
with 𝐵; this is the main difference in comparison with the construction
of Theorem 4 and Fig. 11.
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Fig. 12. The assumptions are as for Theorem 1, with the additional assumption that the boundaries of 𝑀⋆ are flat, the 𝑥𝑖 along 𝑓𝑖,𝑛+1; 𝑖 = 1,… , 𝑚; are monotonically falling or do
t any rate not rise beyond 𝑧𝑖(0) and the transgressions are weak. 𝐵2 borders 𝑀⋆ on basis 𝐵 = 𝐵1 ∪ 𝐵2. 𝐵′

1, parallel to 𝐵1, is chosen so that the volumina 𝑉1 + 𝑉2 equal 𝑉3.
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Now 𝜇(𝐵′
1)∕𝜇(𝐵) tends to zero with 𝑛 → ∞, because 𝜇(𝐵′

1)∕𝜇(𝐵1)
ends to zero. This follows, with 𝛽 = (ℎ − 𝛿)∕ℎ, from 𝜇(𝐵′

1) = 𝛽𝑛−1𝜇(𝐵1)
s in the proof of Theorem 1. The volume of a cone of dimension 𝑛
ith basis 𝐵⋆ and height ℎ⋆ is equal to the (𝑛−1)-dimensional measure
(𝐵⋆), multiplied by 1∕(𝑛 − 1)! and by ℎ⋆. 𝑀(0) also is a cone. Hence
he probability of reswitching is under the stated assumptions smaller
r equal to

ℎ − 𝛿
(𝑛 − 1)!

𝜇(𝐵′
1) +

ℎ
(𝑛 − 1)!

𝜇(𝐵2)

ℎ
(𝑛 − 1)!

[𝜇(𝐵1) + 𝜇(𝐵2)]
=

(1 − 𝛿
ℎ
)
𝜇(𝐵′

1)
𝜇(𝐵1)

+
𝜇(𝐵2)
𝜇(𝐵1)

1 +
𝜇(𝐵2)
𝜇(𝐵1)

←←←←←←←←←←←←←←←←←←←←←→
𝑛→∞

𝜇(𝐵2)
𝜇(𝐵)

,

ince 𝜇(𝐵′
1)∕𝜇(𝐵) ←←←←←←←←←←←←←←←←←←←←←→𝑛→∞

0 and 𝛿 > 0. The volume of the top also tends
o zero. Therefore we can state:

heorem 5. Given the simplifying assumptions in the text, summarised in
he legend to Fig. 12, the probability of reswitching tends to 𝜇(𝐵2)∕𝜇(𝐵).

Our assumptions for Theorem 5 are more restrictive than those for
heorem 4 in particular, because 𝑀⋆ is here assumed to be bordered
y flat surfaces. But we now used the star-shaped character of the
eswitching body. Theorem 5 and the Corollary to Theorem 4 confirm
hat the probability of reswitching goes to zero for 𝑛 → ∞ only under
ssumptions, as had been emphasised in Schefold (2016), but they are
ow more detailed and explicit. The probability 𝛾1⋅…⋅𝛾𝑘 of the Corollary
nd the corresponding expression 𝜇(𝐵2)∕𝜇(𝐵) of Theorem 5 will be
mall, and will tend to zero, if the number of transgressions diminishes
elatively as 𝑛 increases or if 𝑚∕𝑛 increases. I regard this as plausible
ecause the random character of technological systems becomes visible
nly if they are large. The Goldberg-Neumann theorem points in this
irection, but the debate about this matter is not closed. Meanwhile,
e have quite independently from hypotheses about randomness, em-
irical evidence that transgressions are, relatively, not frequent. Taking
his as an assumption, we have explained why reswitching is rare.

We can go one step further and ask whether we should accept
he alternative method found to be profitable in transgressions as
conomically relevant at all. We already have excluded methods (𝐚0, 𝑙0)
ssociated with transgressions in Theorems 2, 3, 4 and 5, if 𝑙0 ≤ 0.
hould we not exclude methods, if the labour input is very small? We
oted in Section 1 that commodity inputs 𝑎𝑖𝑗 are often zero in the Sraffa
radition, but not labour inputs 𝑙 . The conceptual difficulty here is that
142

𝑖

ll inputs to individual processes must become smaller as the number of
ectors increases, if we model the increase of the number of sectors as a
rocess of disaggregation with, for instance, the maximum rate of profit
nd the total labour supply kept constant and with the average inputs
f commodities and labour shrinking on average in inverse proportion
o the increase of 𝑛, 𝑛 → ∞. Hence the labour inputs in particular do
o to zero in the limit.

But we may assume that the labour inputs of alternative methods,
epresented by 𝑙0, do not go indefinitely faster to zero than the actual
abour input 𝑙1, hence that there is a, possibly small, number 𝜉, 0 < 𝜉 <
, such that only methods (𝐚0, 𝑙0) are relevant, for which 𝑙0 ≥ 𝜉𝑙1. At
ach stage 𝑛 of disaggregation, there is then a finite limit on the way
o total automation. Nonetheless, both 𝑙0 and 𝑙1 may fall with technical
rogress. The assumption may be defended by arguing that the division
f labour leads to increasing returns to scale. Hence, if the scale of
peration of individual processes is reduced as the system is more and
ore disaggregated, the relative amount of labour needed to govern

he process may be expected to increase rather than to diminish. This
ustifies imposing a limit on 𝑙0 relative to 𝑙1.

The assumption is a new Prior in our analysis. The probability of
eswitching has been defined as the probability that in the set 𝑀(𝑟1) of
ethods of production (𝐚0, 𝑙0) that are as profitable as the given method

𝐚1, 𝑙1) at 𝑟1, methods are found that are also equally profitable at some
2 ≠ 𝑟1. The probability is the measure of the favourable techniques (the
eswitching body 𝑀⋆) divided by the measure of potential techniques.
he measure exists, because the analysis is confined to semi-positive
ethods, hence the sets are measurable and, in the absence of further

nformation, it is natural to assume a uniform distribution of the
avourable among the potential techniques. With the introduction of
he assumption 𝑙0 ≥ 𝜉𝑙1, we have restricted both the set of potential
nd that of favourable techniques to sets �̃�(0), with 𝑟1 = 0, and �̃�⋆,
he restricted reswitching body. We get immediately:

heorem 6. If there is 𝜉, 0 < 𝜉 < 1, such that the set of potential
echniques �̃�(0) and the reswitching body �̃�⋆ are restricted to the sets
f methods with 𝑙0 ≥ 𝜉𝑙1, the probability of reswitching tends to zero for
→ ∞ according to Theorems 1, 2, 3, 4 and 5, applied to the restricted
ets.

It is obvious, using the methods of this section, that the probability
f reswitching will tend to zero for all classes of systems (𝐀, 𝐥) for which
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prices are such that the restricted reswitching body �̃�⋆ is entirely
within the restricted set of potential techniques �̃�(0), in the sense that
there is 𝜉⋆ > 𝜉 and 𝑙0 ≥ 𝜉⋆𝑙1 for all (𝐚0, 𝑙0) ∈ �̃�⋆, for all vertices of
the simplex {𝐚𝟎, 𝑙0 ∈ �̃�(0), 𝑙0 ≥ 𝜉𝑙1} except one will then be empty.
But there may be transgressions of the restricted simplex �̃�(0). They
must be analysed using the methods employed for Theorems 1, 2, 3,
4 and 5. The reader will find that, as long as 𝜉 is not too close to 1
(compare Fig. 4), the conclusion can be retained: reswitching is rare.
The question of whether other Priors will modify this conclusion will
be taken up in Section 6.

Note: On non-basics and new commodities. As indicated in the com-
mentary to Theorem 2, non-basics can be treated as limit cases with
(𝐚1, 𝑙1) on the boundary of 𝑀(0). There is only little interest in the
matter in this paper, since we are here concerned with the foundations
of capital theory, and capital goods are typically basic. The fact that
non-basics played a significant role in the debate, explicitly in Sraffa,
implicitly before him (e.g. in the exchanges between Irving Fisher and
Eugen von Böhm-Bawerk) has to be explained by the limitations of the
mathematical techniques available to the authors and by the intuitive
appeal that the discussion of non-basics does indeed have, in particular
for beginners.

We only consider the simplest case: there is one basic commodity
and the non-basics are consumption goods. Hence (𝐚1, 𝑙1) is on ℎ1,𝑛+1
and 𝑓14 in Fig. 8 shrinks to a point (assuming 𝑛 = 3). One finds in this
case, with

𝐀 =
⎛

⎜

⎜

⎝

𝑎11 0 0
𝑎21 0 0
𝑎31 0 0

⎞

⎟

⎟

⎠

, 𝐥 =
⎛

⎜

⎜

⎝

𝑙1
𝑙2
𝑙3

⎞

⎟

⎟

⎠

,

�̂�1(𝑟) =
𝑙1

1 − (1 + 𝑟)𝑎11
, �̂�2(𝑟) = 𝑙2+

(1 + 𝑟)𝑎21𝑙1
1 − (1 + 𝑟)𝑎11

, �̂�3(𝑟) = 𝑙3+
(1 + 𝑟)𝑎31𝑙1
1 − (1 + 𝑟)𝑎11

,

𝑧1(𝑟) =
1

1 + 𝑟
, 𝑧𝑖(𝑟) =

𝑙1
(1 + 𝑟)[𝑙𝑖 + (1 + 𝑟)(𝑎𝑖1𝑙1 − 𝑎11𝑙𝑖)]

; 𝑖 = 2, 3; 𝑧4 = �̂�1(𝑟).

he characteristic equation has two eigenvalues equal to zero, and zero
s a double root of the characteristic equation. The system is therefore
ot regular. Obviously 𝑎11 = 1∕(1 + 𝑅), hence standard prices 𝑝𝑖 =

(𝑅 − 𝑟)�̂�𝑖∕𝑅 are linear

𝑝1 =
1 + 𝑅
𝑅

𝑙1, 𝑝𝑖 =
𝑅 − 𝑟
𝑅

𝑙𝑖 +
1 + 𝑅
𝑅

(1 + 𝑟)𝑎𝑖1𝑙1; 𝑖 = 2, 3;

but 𝑧𝑖(𝑟) is not necessarily monotonically falling. It will fall, if 𝑎𝑖1𝑙1 >
𝑎11𝑙𝑖 or 𝑎𝑖1∕𝑙𝑖 > 𝑎11∕𝑙1, that is, if sector one is less capital-intensive,
while transgressions become possible in the converse case, though with
further restrictions on the range of 𝑟, which we cannot discuss here fore
reasons of space. Of course, one gets, using (5), that 𝑥1(𝑟) = 𝑎11. The
star-equation, (ix) of the Lemma, with 𝑎12 = 𝑎13 = 0, reduces to

𝑎11∕𝑧1(𝑟) + 𝑙1∕𝑧𝑛+1(𝑟) = 1,

showing the opposed movements of 𝑧1 and 𝑧𝑛+1. These findings confirm
that systems with non-basics can, with regard to the questions discussed
in this paper, be viewed as limit cases and are useful for the intuition.11

6. The probability of reverse capital deepening and final consid-
erations

An important application of Theorems 1–6 concerns the critique
of Samuelson’s production function on the basis not of reswitching,
but of estimating the number of wage curves on the envelope of the

11 As is shown in an earlier version of this paper (Schefold, 2022d, pp. 38–
0), non-basics can also be used to construct counter examples to the theorems,
hich we have proved, by introducing so many non-basic processes that the
robability of reswitching rises with 𝑛. The construct violates the assumptions

made here and is very simple: One continues without end adding non-basic
143

processes and commodities, each with a non-zero probability of reswitching.
wage curves of many techniques. It is asserted in Kersting and Schefold
(2021) that the number of wage curves on the envelope, that is, the
number of techniques that are efficient and may come into use in
consequence of shifts in distribution, is much smaller than Samuelson’s
construction suggested. The proof uses assumptions about probability
distributions of maximum rates of profit and maximum wage rates.
This means a new turn in the critique of capital that may be related
to earlier insights gained in theories of development and technology
(Rosenberg, 1976) and in theories of growth (Foley and Michl, 1999).
The efficient techniques are few so that there is not much room for
substitution (Schefold, 2021a). According to the result that can most
easily be reached, mentioned in Section 1, the number of efficient
techniques to be expected is at most ln 𝑠, if 𝑠 is the number of available
techniques. The proof of this formula in Schefold (2013b) uses the
assumption that wage curves are straight lines, because that is what
Samuelson assumed. However, the crucial assumption is not linearity
or quasi-linearity, but that the wage curves that reach the envelope
through a first switch do not exhibit a second (no double switching, see
Kersting and Schefold (2021, p. 523)). Now we have proved that second
switches are unlikely. By implication, we have proved – provided
the corresponding randomness assumptions hold – that the expected
number of wage curves on the envelope is at most ln 𝑠, even if wage
curves are not straight. It is ironic that the new turn in capital theory
profits from the absence of reswitching, while reswitching and reverse
capital deepening had been the main and most conspicuous arguments
in the first debate.

We now turn to the probability of reverse capital deepening. To
define the probability of isolated reswitching, we started from a given
system — one method for each commodity, and one alternative method
in the first process. An admissible alternative method could in principle
be any semi-positive vector (𝐚0, 𝑙0), superior, inferior or equiprofitable,
elative to (𝐚1, 𝑙1), but the set of possible techniques is that of the
quiprofitable techniques at one given rate of profit 𝑟1 and the set of
avourable techniques is the subset of the possible techniques which
re equiprofitable at some other rate of profit 𝑟2. The set of admissible
lternatives is the semi-positive quadrant R𝑛+1+ − {0} of dimension
+ 1, the possible methods are in the 𝑛-dimensional simplex 𝑀(𝑟1),

he favourable methods are 𝑀⋆(𝑟1), the union of the intersections of
(𝑟1) with 𝑀(𝑟2), 0 ≤ 𝑟2 ≤ 𝑅, 𝑟2 ≠ 𝑟1. 𝑀⋆ is of dimension 𝑛 − 1, if the

abour theory of value holds, but a star-shaped region in 𝑀(𝑟1), if the
system is regular so that relative prices change with the rate of profit.

The reader, who has patiently read the paper up to this last section,
will have understood this, but perhaps without noticing the following
ambiguity in this definition: If there are two techniques with wage
curves 𝑤1 and 𝑤2 that intersect twice, so that we have reswitching
(which is, in the absence of other techniques, at the same time a
case of isolated reswitching, of systemic reswitching and of reverse
capital deepening) and if we now ask how probable this constellation
is, we find that we get different results depending on which system
is regarded as the first and which switch is regarded as given. The
ambiguity did not come up earlier, because of the way in which we
posed the question: We asked for the probability ex ante, if a new
method was introduced and produced a switch at some 𝑟1 – would there
result another switch at 𝑟2, with what probability? Ex post, one may
not be interested any more in the sequence of the events; then, one
will get different results according to the sequence one assumes. The
difference will usually be small. Its existence is not really a surprise,
since the probability of isolated reswitching is defined relative to a
given technique. Of special interest will therefore be those results,
which do not depend on the assumption of the sequence, in particular
that the probability of isolated reswitching tends to zero with the
number of sectors.

Reverse capital deepening occurs on the envelope of the wage
curves for large systems and many techniques. It will now matter
how many switch-points and wage curves there are on the envelope

according to the results of Kersting and Schefold (2021).
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We consider any switch-point on the envelope engendered by two
wage curves, denoted by 𝑤1 and 𝑤2, and we assume that reverse
apital deepening is associated with it. Since we are on the envelope,
he two techniques differ only in one method of production in one
ector, say the first. We know or choose the primary method (𝐚1, 𝑙1),
he ‘secondary’ is (𝐚0, 𝑙0). Either this switch-point in 𝑟1 is itself a case of
everse capital deepening (case A) or 𝑤1 and 𝑤2 intersect elsewhere at
ome 𝑟2 and reverse capital deepening occurs at 𝑟2 (case B).

Consider case B first. Since there is no capital reversal at 𝑟1, we
ust have 𝑟2 > 𝑟1 and the switch at 𝑟2 is on the envelope (otherwise

t is no capital reversal). Disregarding further switches, because they
ould be unlikely, both switches are therefore on the envelope; case
implies that we have systemic reswitching. But it is unlikely that

either switch-point is dominated, if there are many wage curves on
he envelope, and so we exclude case B, as being of a low probability
hich may be disregarded.

This may not be said of case A, since the other switch-point must be
t some 𝑟2 < 𝑟1 and may be (it probably will be) below the envelope. If
e abstract from all other techniques except those used for 𝑤1 and 𝑤2,
e then have, by the construction, isolated reswitching with a positive
robability that tends to zero with an increasing number of sectors.
his probability will also (and strongly) depend on 𝑟1, for the switch-
oint 𝑟2 must be between zero and 𝑟1, and there will be the more room
or such a switch-point, the closer 𝑟1 is to 𝑅. This effect is very visible
n the results of the empirical work by D’Ippolito (1989, p. 196). So
e have countervailing tendencies. The probability that a switch-point

epresents reverse capital deepening is smaller than that of isolated
eswitching, because we exclude case B, but it approximates that of
solated reswitching as the switch-point gets close to the maximum rate
f profit of the first technique. It diminishes with an increasing number
f sectors. Nonetheless, the probability that some switch-points on the
nvelope of a system with many techniques exhibit reverse capital
eepening obviously increases with the number of switch-points. What
revails?

Our heuristic methods do not allow to derive a definite answer.
he complication increases because the number of switch-points and
he number of sectors may be connected. I propose two illustrative
utcomes, tentatively using audacious assumptions.

(i) The probability 𝜋𝑛 that any switch in an 𝑛-sector model with
many techniques is a case of reverse capital deepening can only
be understood as a rough average for classes of systems with
not too many transgressions. We have convinced ourselves in
this section that 𝜋𝑛 must be smaller than the probability for
isolated reswitching. An exact general rule can hardly exist, but
we suppose 𝜋𝑛 =

𝛼
𝑛 , where 𝛼 would be of the order of magnitude

of 0.3 for the following reasons: If 𝑛 = 30, the results of Han and
Schefold (2006) and of Zambelli (2018), as interpreted by Kalb
(2022), indicate a 𝜋𝑛 for systems with about 30 sectors of about
1%. That implies 𝛼 = 0.3. If the formula is applied to a three sector
model, one obtains 𝜋3 = 0.3∕3 = 10%, which is high, but not
altogether implausible. We denote the number of switch-points
by 𝜔 and assume 𝜔 = ln 𝑠, according to Schefold (2013b), where
𝑠 is the total number of techniques. Suppose that 𝑠 is given by the
methods employed in 𝑚 countries with 𝑛 industries, hence 𝑠 = 𝑚𝑛.
We keep 𝑚 constant as 𝑛 increases. The probability �̂� that at least
one case of reverse capital deepening appears then is, with 𝑚 = 10
and ln𝑚 ≈ 2.3,

�̂� = 1−(1−𝜋𝑛)𝜔 = 1−
(

1 − 0.3
𝑛

)𝑛 ln𝑚
←←←←←←←←←←←←←←←←←←←←←→
𝑛→∞

1−𝑒−0.3⋅2.3 ≈ 1−𝑒−0.69 ≈ 0.5.

That the probability of finding at least one case of reverse capital
deepening should be so low where there are so many techniques
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is surprising but a similar consideration confirms the result.12

Further research is required to test the robustness of the result,
more theory is needed to improve on the assumptions of 𝜋𝑛 as
an average, inversely proportional to 𝑛. The number 0.5 for �̂�
is therefore only a rough estimate, but it conveys an important
message: the probability of reverse capital deepening occurring in
a large system is less than one, despite a tendentially infinite num-
ber of switch-points. Most people would probably expect that this
probability �̂� tends to one as the number of switch-points 𝜔 tends
to infinity. Two reasons are jointly needed to explain why the
opposite happens: clearly, 𝜋𝑛 must tend to zero, according to the
main result of the paper: the probability of isolated reswitching
tends to zero. For otherwise 𝜋𝑛 → �̄�, 0 < �̄� < 1, and (1−�̄�)𝜔 ←←←←←←←←←←←←←←←←←←←←←←→

𝜔→∞
0

and �̂� → 1. And it matters how the number of switch-points
goes to infinity with the number of sectors. It is likely that the
number of techniques increases exponentially with 𝑛. We used the
assumptions 𝑚𝑛 – in each of 𝑛 industries, one of the 𝑚 methods
employed in 𝑚 countries can be used. Suppose that only a fraction
𝜁 , 0 < 𝜁 ≪ 1, of these techniques matters economically, because it
is transferable to the country under consideration. Suppose now
that, contrary to Kersting and Schefold (2021), each additional
transferable technique engenders one additional switch-point as
in Samuelson’s surrogate production function, if each additional
transferable linear wage curve gets on the envelope, because the
maximum rates of profit are in the inverse order of the maximum
wage rates. Then 𝜔 = 𝜁𝑚𝑛 and

�̂� = lim
𝑛→∞

1 −
(

1 − 𝛼
𝑛

)𝜁 (𝑚𝑛)
= 1 − lim

𝑛→∞

(

1 − 𝛼
𝑛

)𝑛(𝜁∕𝑛)(𝑚𝑛)

= 1 − lim
𝑛→∞

(

𝑒−𝛼𝜁
)(𝑚𝑛)∕𝑛 .

Since 0 < 𝛼𝜁, 𝑒−𝛼𝜁 < 1 and since (𝑚𝑛)∕𝑛 ←←←←←←←←←←←←←←←←←←←←←→
𝑛→∞

∞ with 𝑚 >
1, �̂� ←←←←←←←←←←←←←←←←←←←←←→

𝑛→∞
1. Reverse capital deepening becomes certain despite

𝜋𝑛 → 0, but only if the number of switch-points increases ex-
ponentially with 𝑛. The density of the switch-points with RCD,
𝜓∕𝜔 = 𝜋𝑛, would tend to zero, however.
In other words: the tendency of the probability of isolated
reswitching to go to zero implies that, in large systems, not even
one case of reverse capital deepening would be certain to be
observed, as long as the number of switch-points increases not ex-
ponentially with the number of sectors, but only logarithmically
— or even less fast.

(ii) In fact, this is confirmed, if further results from Kersting and
Schefold (2021) are taken into account. Then, the number of
switch-points to be expected in the relevant range of the envelope
remains finite. In the case of uniform distributions of maximum
wage rates and uniform rates of profit, there may not even be two
switch-points in the relevant range of the rate of profit (Kersting’s
theorem). If the two distributions of maximum wage rates and
maximum rates of profit are normal with a moderate correlation,
numerical experiments with large numbers of techniques also
resulted in a small number of wage curves appearing on the
envelope. The individual wage curves were assumed as linear, but
they could also be interpreted as short cuts of non-linear wage
curves. The conclusion in the paper was that there is not much
room for substitution between capital and labour. The conclusion

12 There were 496 envelopes in the empirical investigation by Han and
Schefold (2006), each representing the envelope resulting from the combina-
tions of 33 methods in 𝑛 = 33 industries in two countries, so that there were 233

techniques underlying each envelope. Assuming uniform distributions in order
to apply Kersting’s theorem, we now have 𝜔 = 2

3
ln 𝑠. The expected number of

cases of reverse capital deepening 𝜓 then is 𝜓 = 𝜋𝑛𝜔 = 0.3
33

⋅ 2
3
ln 𝑠 = 0.3 ⋅ 2

3
ln 2 =

0.14. We get for the expected number of cases of RCD on all envelopes �̄� :
̄ = 496𝜓 ≈ 69. Han and Schefold (2006) found 60 cases of RCD on 4389
switch-points on all envelopes taken together.
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which follows here is that there is not much room for reswitching
and reverse capital deepening either.

To summarise, we get a complementarity: Either the number of
witch-points on the envelope increases less than exponentially with
he number of sectors. Then, it is not certain that even one case of
everse capital deepening exists in a large system, but the possibilities
f substitution are limited. Or the number of switch-points increases
xponentially. This seems to be fundamental for Samuelson’s surrogate
roduction function. Then, reverse capital deepening is almost certain
o exist.13 Further research will have to show how this conclusion

needs to be modified, if the analysis is improved and if, in particu-
lar, the simplifying assumption of an inverse proportionality between
the probability for isolated reswitching and the number of sectors is
overcome.

Finally, we come back to our fundamental assumption that poten-
tial techniques are uniformly distributed in our discussion of isolated
reswitching. To be exact: potential techniques (𝐚0, 𝑙0) for an isolated
reswitch are given by all semi-positive vectors that have one switch
with the given method (𝐚1, 𝑙1). Petri (2022) questions the assumption of
uniformity with the argument that alternative methods are not totally
dissimilar from the methods they replace – as remarked above, bread
will still be made from flour, if the oven is replaced. It is always a
question whether such micro-arguments matter in the large, but let us
now assume that they do. The question then is whether the restriction
on the potential techniques by a new Prior restricts the set of favourable
techniques more or less than the set of potential techniques. In the
former case, the new Prior assumption diminishes the probability, in
the latter it increases it. Theorem 6 provides the example of a Prior that
is, by and large, neutral. What about others? It would be presumptuous
to anticipate results that can be obtained only by means of future
research, but it may be licit to end with intuitive arguments, both
economic and mathematical. I see two ways to deal with the argument
that methods that replace each other use the same raw materials.
It could mean that the set of potential techniques, 𝑀(0), should be
restricted to a neighbourhood of (𝐚1, 𝑙1). Would this mean that the set
of potential techniques, the reswitching body, becomes relatively larger
within this neighbourhood? Not if the price movements are moderate
and the conditions of Theorem 1 apply. If this is what Petri means,
the argument is not decisive and it can be argued that the probability
of reswitching actually diminishes.14 However, according to another,
economically more fruitful interpretation, the methods that replace
each other use the same raw materials, because they belong to different
stages in a process of labour-saving technical progress as in the classical
and Marxian example of the machine that is introduced to save labour
in the production of textiles. The textiles are made, with and without
the machine, from cotton. After the machine has been introduced, one
may look back and ask whether a drastic reduction of the wage would
make it worthwhile to return to weaving by hand. Modern economists

13 The complementarity does not imply that there is a strict causal link
etween zero substitution and the absence of reswitching. It is formally
ossible – though unlikely – that there are many near-linear wage curves
ithout reverse capital deepening (the Samuelson case). Such a constellation

s, as it were, doubly improbable, because it is unlikely that there are many
age curves on the envelope in the relevant range (as is shown in (Kersting
nd Schefold, 2021)) and it is improbable (though possible) that there is
hen no RCD at all. Conversely, it is possible, though improbable, that there
re few wage curves on the envelope and yet there is reswitching. The
omplementarity thesis therefore only states what seems to be a rule, capable
f exceptions, given the present state of our knowledge.
14 If the neighbourhood is defined as a sphere of radius 𝜌 around (𝐚1, 𝑙1),

the ratio of the volume of the restricted reswitching body divided by the
volume of the sphere will increase with 𝜌 because of the concavity of the
reswitching body so that the probability for reswitching is smaller if the
potential techniques are confined to a small neighbourhood of (𝐚 , 𝑙 ).
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1 1
in the classical tradition tend to see this as a very remote possibility
and they never suggest that an even further reduction of the wage
would make the machine profitable again. Formalisations as in Schefold
(1997) emphasise that there would be one switch, not two. Hence, I do
not see that Petri’s Prior would change the conclusions of this paper.

Finally, I should like to mention the argument of a referee, to whom
I owe special thanks. The uniform distribution within given bounds –
and 𝑀(0) is bounded – represents a state of maximum entropy, which
should be assumed if one does not possess firm positive knowledge that
another, specific state of order prevails.

My general conclusion is that the empirical observation of the
rarity of reswitching has found an adequate theoretical explanation.
Hence the focus of the critique of capital theory has to shift from the
reswitching argument to other aspects of the debate.

Data availability

Figures in colour submitted as supplementary material.

Appendix. The behaviour of prices and the wage rate

The main text uses properties of Sraffa systems which ensure that
a specifically modified relative price 𝑧𝑖 = 𝑝1

(1+𝑟)𝑝𝑖
falls monotonously

for the majority of prices 𝑝𝑖; 𝑖 = 2,… , 𝑛; between 𝑟 = 0 and 𝑟 = 𝑅.
Better known is the related problem of the quasi-linearity of prices
and of wage rates as functions of the rate of profit. Much research has
been dedicated to the task of specifying properties of Sraffa systems,
which lead to only moderate movements of prices and relative prices in
response to changes of distribution. These considerations can be traced
back to Ricardo and his followers, ever since Ricardo realised in the
preparation of his Principles that a rise of the wage rate and, with given
methods of production, a consequent fall of the rate of profit would lead
to a rise of the prices of labour-intensive industries relative to that of
capital-intensive industries so that, if a suitable average price remained
constant, prices of the capital-intensive industries would fall against the
ordinary intuition that a general rise of wages causes a general rise of
prices.

Recent decades have seen a rise in the number of papers devoted
to empirically estimating the response of prices to changes of the rate
of profit. Some of the main findings are to be summarised here. In
a seminal paper, Bienenfeld (1988) estimates Sraffian standard prices
from 71-sectoral US input–output tables of eight different years and
compares these prices, termed ‘exact’, to theoretically derived linear
and quadratic approximations. When computing the mean absolute
deviations (MADs) of the approximated prices from the exact ones at
different points over the range of the profit rate of each price curve, he
finds the MADs of the linear approximation to vary between only 0.05%
and 17.20%, indicating remarkably low deviations of prices from linear
prices. The quadratic approximation fits the actual prices even better,
yielding MADs between 0.01% and 0.27% (Bienenfeld, 1988, Table 1).
The stunning accuracy of Bienenfeld’s approximation is confirmed by
Iliadi et al. (2014) with more recent input–output data from Denmark,
Finland, France, Germany, and Sweden. Another one of their empirical
results is the rarity of non-monotonic movements of standard prices
in response to changes of the profit rate; only 18.8% of the computed
standard prices are non-monotonic functions of the rate of profit (Iliadi
et al., 2014, p. 47).

A further aspect that has attracted the interest of scholars in the
field is the deviation of empirical Sraffian production prices from labour
values. Using Chinese input–output data of the year 1997, Mariolis
and Tsoulfidis (2009) estimate the difference between Sraffian standard
prices and labour values at the empirically observed rate of profit.
Averaging over all 38 sectors, they compute the mean absolute de-
viation of standard prices from labour values to be 11.2% (Mariolis
and Tsoulfidis, 2009, p. 12). Similar results are obtained by Tsoulfidis
(2008) for the Japanese economy of five years between 1970 and 1990.
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At the actual rate of profit, the MAD of prices of production from labour
values ranges between 8.9% and 11.7% for the five years (Tsoulfidis,
2008, p. 715). These results are in line with computations for the Greek
(Tsoulfidis and Maniatis, 2002) and US (Ochoa, 1989; Shaikh, 1998,
2016) economies, often interpreted as empirical support for the labour
theory of value, see, e.g., Shaikh (1998).

Turning to wage curves, empirical results based on input–output
data from different countries and years have consistently shown only
mild deviations of wage curves from linearity. Using German data
of different years provided by Krelle (1977), Petrović (1991, p. 105)
estimates the absolute value of the correlation between wage and profit
rates to vary between 97.77% and 98.87%, indicating minor deviations
from a linear relationship between wages and the profit rate. He repeats
this computation with Yugoslav input–output data from 1976 and 1978
and pays special attention to the impact of different numéraires on the
shape of wage curves. A major result is that wage curves tend to be
even closer to straight lines when composite commodities are used as
the numéraire (Petrović, 1991, p. 105). This result is significant, given
the fact that net output is often used as the numéraire, and will, in
realistic settings, be a composite commodity. Findings of almost linear
wage curves have also been obtained for, among others, the Brazilian
(da Silva, 1991), Italian (Marzi, 1994), Korean (Tsoulfidis and Rieu,
2006), and US (Ochoa, 1989; Shaikh, 2016) economies. Iliadi et al.
(2014, fn. 1) provide a helpful overview of further related empirical
literature.

These results call for an explanation. We assume that system (1) of
Section 2 is primitive and diagonalisable with 𝑛 distinct eigenvalues.
The eigenvalues are ordered according to modulus, 𝜇1 = 1∕(1 + 𝑅) >
|𝜇2| ≥ ⋯ ≥ |𝜇𝑛| > 0. Using the right-hand side eigenvectors 𝐱1,… , 𝐱𝑛
and representing the labour vector as a linear combination of these
eigenvectors, 𝐥 = 𝛼1𝐱1 +⋯ + 𝛼𝑛𝐱𝑛, we can write standard prices as

𝐩 =
(

1 − 𝑟
𝑅

)

(𝐈 − (1 + 𝑟)𝐀)−1 𝐥 = 𝑅 − 𝑟
𝑅

𝑛
∑

𝑖=1

𝛼𝑖
1 − (1 + 𝑟)𝜇𝑖

𝐱𝑖. (7)

If one supposes that the |𝜇𝑖| are small, 𝑖 = 2,… , 𝑛, the standard prices
become, for each component, approximately a linear function of the
rate of profit:

𝐩 ≅
( 1 + 𝑅

𝑅

)

𝛼1𝐱1 +
(

1 − 𝑟
𝑅

)

(𝛼2𝐱2 +⋯ + 𝛼𝑛𝐱𝑛) = 𝐚 + 𝑟𝐛, (8)

where 𝐚 = 𝐥 + 𝛼1
𝑅 𝐱1, 𝐛 = − 1

𝑅 (𝐥 − 𝛼1𝐱1). Prices are constant, if 𝐛 = 0,
which means that the labour vector is the Frobenius right-hand side
eigenvector of the matrix – then, the labour theory of value holds. If
this is not the case and if none of the 𝛼𝑖𝐱𝑖 is negligibly small, there are
two ways to rationalise the procedure. On the one hand, the empirical
investigations have shown that standard prices do not deviate much
from linearity. The dominant eigenvalue is not small. Formula (7)
therefore demonstrates that standard prices can be near-linear, with
all 𝛼𝑖𝐱𝑖 being of significant size, only if the non-dominant eigenvalues
are small. On the other hand, this condition is also sufficient, and
he question arises, under which circumstances this condition will be
ulfilled. We know from the Goldberg-Neumann theorem (Goldberg and
eumann, 2003) that the eigenvalues will be small, if 𝐀 is a random
atrix (Schefold, 2013a). The randomness of 𝐀 therefore is sufficient

or the quasi-linearity of standard prices. In a sense, it is also necessary,
iven the assumption about the 𝛼𝑖. For if standard prices are strictly
inear, the non-dominant eigenvalues must vanish completely and 𝐀 is
f rank one. Every semi-positive matrix of rank one must be positive,
s is easy to see, and can therefore be written as 𝐀 = 𝐜𝐟 , where 𝐜 > 0
s a column vector and 𝐟 > 0 a row vector. Now it is important to
nderstand that our matrix 𝐀 with small eigenvalues does not have to
e close to matrix 𝐜𝐟 in the sense that each element 𝑎𝑖𝑗 of 𝐀 would

have to be close to the corresponding element of 𝐜𝐟 , that is to 𝑐𝑖𝑓𝑗 .
It is not necessary that |𝑎𝑖𝑗 − 𝑐𝑖𝑓𝑗 | < 𝜖 for some 𝜖 > 0 and all 𝑖, 𝑗.
The conditions of the Goldberg-Neumann theorem (Goldberg et al.,
2000; Goldberg and Neumann, 2003) broadly imply that the rows of
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𝐀 must have coefficients with a distribution that is i.i.d. with mean
𝑐𝑖, and the 𝑐𝑖 need not all be equal, as is shown in the Appendix to
Schefold (2013a). Because of this distribution, matrix 𝐀 is even simpler
and is ‘‘close’’ to 𝐜𝐞, where 𝐞 = (1,… , 1), but this must hold only on
average. The individual rows 𝐚𝑖 of 𝐀 can have elements that are very
different from 𝑐𝑖, provided only that they are non-negative and their
mean is equal to 𝑐𝑖. In particular, many elements of 𝐚𝑖 can be equal
to zero, provided only that the mean equals 𝑐𝑖. The presumption that
actual input–output systems have a random structure becomes utterly
implausible, if one does not understand that 𝐀 must be ‘‘close’’ to 𝐜𝐞
only on average. Further, it should be kept in mind that the conditions
of the Goldberg-Neumann theorem are sufficient conditions for the
non-dominant eigenvalues to be small for large systems; they are not
necessary, as is clear from the fact that 𝐀 = 𝐜𝐟 also has the property that
all non-dominant eigenvalues vanish, and this property presumably still
holds, if we perturb the coefficients of 𝐜𝐟 , but the extent to which that
would be possible is not known, if 𝐟 ≠ 𝐞. We thus find that the defining
characteristics of random matrices are sufficiently general to leave
room for the hypothesis that actual input–output tables may broadly
be considered as random, but whether it is actually the case is open
to question. In particular, the implied prediction that non-dominant
eigenvalues tend to zero for large 𝑛 sufficiently fast is still subject to
investigation.

To summarise: the near-linearity of standard prices results, if the
non-dominant eigenvalues are small, and this condition is also, in
essence, necessary setting apart the special case of the labour theory
of value, which would mean that all the 𝛼𝑖 in (7) are equal to zero for
𝑖 = 2,… , 𝑛. The randomness of the input matrix is sufficient for this
result, and I have argued that it is also, in essence – but not strictly –
necessary. The systems under consideration must be large.

It should be noted that the property of standard prices being near-
linear and not constant depends only on the eigenvalues, not on the
labour vector. However, the direction into which near-linear standard
prices move depends a great deal on the labour vector, as is obvious
from formula (7) and the representation of 𝐥 by the eigenvectors. For
instance, it is possible that, contrary to what we had first assumed, some
of the 𝛼𝑖 are close to or equal to zero. If 𝛼2 = ⋯ = 𝛼𝑛 = 0, we have the
case of the labour theory of value and prices are a constant function
of the rate of profit, proportional to direct labour, and this will then
hold even if all non-dominant eigenvalues are not small. The insight
suggests a generalisation, taking the possibility of small 𝛼𝑖 into account.
We consider the 𝑘th component 𝑝𝑘 of prices 𝐩 in (7).
Proposition

Using the notation and the assumptions made above (in particular: 𝐀 is
diagonalisable), price 𝑝𝑘 is linear (close to linearity), if and only if 𝜇𝑖𝛼𝑖 = 0
(𝜇𝑖𝛼𝑖 is small); 𝑖 = 2,… , 𝑛; where we assume that the 𝐱𝑖 are so normalised
that 𝑥𝑖𝑘 = 1.

The proof is obvious. The Proposition (compare Torres-González,
2022, p. 7) is important, because it demonstrates that prices can be
linear, even if the system is not random. If, as appears empirically to
be the case, the first non-dominant eigenvalues are not small, prices
can be linear all the same, if the corresponding 𝛼𝑖 are small.

If standard prices are linear functions of the rate of profit, relative
prices and prices in other standards become hyperbolas, and the extent
to which they deviate from linearity for 0 ≤ 𝑟 ≤ 𝑅 requires a special
investigation.

A curious role is played by prices in terms of the wage rate �̂� = 𝐩∕𝑤.
If we divide (8) by 𝑤 = 1 − (𝑟∕𝑅), the components of the price vector
are algebraically hyperbolas, but the trajectory described by the vector
�̂� in space is, geometrically, a straight line in the space of prices.

We turn to the wage curve. Let a numéraire vector be given that
is, in general, not the standard commodity. With the normalisation
1 = 𝐝𝐩 = 𝐝�̂�𝑤, we obtain for the wage rate in this standard a somewhat
complicated expression. It can be simplified, using the representation

of 𝐝 by the left-hand eigenvectors of 𝐀, 𝐝 = 𝛽1𝐪1 + ⋯ + 𝛽𝑛𝐪𝑛. We add
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the important assumption that none of the 𝛼𝑖 and none of the 𝛽𝑖 is
qual to zero. Then and only then we can use the strong normalisation
Schefold, 2013a) and assume that the scales of the eigenvectors 𝐪𝑖 and
𝑖 are chosen in such a way that 𝛼1 = ⋯ = 𝛼𝑛 = 𝛽1 = ⋯ = 𝛽𝑛 = 1.
sing the fact that left-hand and right-hand eigenvectors belonging to
ifferent eigenvalues are orthogonal, one obtains for the wage curve 𝑤
he approximation, assuming that 𝜇2,… , 𝜇𝑛 are small enough

= 1
𝐝�̂�

= 1
∑𝑛
𝑖=1

𝐝𝐱𝑖
1 − (1 + 𝑟)𝜇𝑖

≈ 𝑅 − 𝑟
(1 + 𝑅)𝐪1𝐱1 + (𝑅 − 𝑟)(𝐪2𝐱2 +⋯ + 𝐪𝑛𝐱𝑛)

= 𝑅 − 𝑟
(1 + 𝑅)𝐪1𝐱1 + (𝑅 − 𝑟)𝐦𝐯

,

(9)

where we have introduced the vectors 𝐦 and 𝐯 for the deviation
between the numéraire and the left-hand side Frobenius eigenvector
and the deviation between the labour vector and the right-hand side
Frobenius eigenvector, in formulas 𝐦 = 𝐝 − 𝐪1 = 𝐪2 + ⋯ + 𝐪𝑛, 𝐯 =
𝐥−𝐱1 = 𝐱2+⋯+𝐱𝑛. These vectors are expressions for the deviation of the
numéraire from the standard vector (in the strong normalisation) that
would yield a linear wage curve, if it was taken as the numéraire, and
the deviation of the labour-vector from that eigenvector (in the strong
normalisation) that would, if it were the labour vector, also result in a
linear wage curve. It is clear from (9) that, given the assumptions, the
wage curve will be linear if and only if 𝐦𝐯 = 0. Sufficient conditions
for linearity would be 𝐦 = 0 or 𝐯 = 0, and these are, in our notations,
conditions for using a vector proportional to the standard commodity as
numéraire – and then the wage curve is linear – or assuming a uniform
composition of capital, which, as is well known, will be the case if and
only if the labour vector happens to be the right-hand side eigenvector
of the matrix.

But these conditions are not necessary. We first assumed that the
labour vector could be any positive vector and assumed that the 𝛼𝑖; 𝑖 =
2,… , 𝑛; were not small. We then arrived at standard linear prices
by assuming that the matrix was random. We now make a similar
assumption that turn the components of the numéraire vector and of the
labour vector into random variables. More precisely, the components of
𝐦 and the components of 𝐯 shall be random variables, written as vectors
for convenience, but they are not random vectors. We assume that the
deviations of the numéraire vector from the standard and of the labour
vector from the labour vector yielding the uniform composition of cap-
ital are uncorrelated, since the technical necessities represented by the
labour vector and the choice of the numéraire relative to the standard
vector can be thought to be independent, and this independence should
show in large systems. Hence we assume that cor(𝐦, 𝐯) = 0, hence that
the covariance cov(𝐦, 𝐯) = 0. If this is the case, one has the well known
consequence 𝐦𝐯 = 𝑛�̄��̄�, where �̄� and �̄� are the arithmetic means of
the random variables consisting of the components of 𝐦 and 𝐯. This is
similar to the assumption that the rows of the input matrix, being i.i.d.,
are uncorrelated.

It follows that, if the covariance condition is fulfilled, the wage
curve will be linear if and only if �̄� or �̄� or both are zero. Now it turns
out that, if the system is random, �̄� will be zero. For we can write, using
Schefold (2016, p. 15),

𝑛�̄� = 𝐞(𝐥 − 𝐱1) = 𝐞𝐱2 +⋯ + 𝐞𝐱𝑛.

Since 𝐀 is random, the left-hand eigenvector of 𝐀 will be proportional
to 𝐞 for large 𝑛, since the components on the rows of 𝐀 are inde-
pendently and identically distributed. If 𝐞 is the left-hand eigenvector
of 𝐀, it is orthogonal to 𝐱2,… , 𝐱𝑛 and 𝑛�̄� = 0. Hence 𝑛�̄��̄� = 0 and
𝐦𝐯 = 0. Note the converse result, which follows: If the system is random
and the wage curve is linear, we have �̄� = 0 and 𝐦𝐯 = 0, hence
𝐦𝐯 − 𝑛�̄��̄� = cov(𝐦, 𝐯) = 0. This means that, if one accepts that 𝐀
is random and that wage curves are linear, one must also accept the
covariance condition – a mathematical result to be noted by the critics
of the covariance-condition.
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The crucial assumption that has here been added to the random-
ness of 𝐀 is that the covariance of 𝐦 and 𝐯 vanishes. This may be
rewritten as cov(𝐦, 𝐯) = cov(𝐝, 𝐥) − cov(𝐝, 𝐱1) − cov(𝐪1, 𝐥) + cov(𝐪1, 𝐱1).
A significant correlation might here be expected for the last term in
case the matrix were nearly symmetric. But if 𝐀 is random and if we
represent 𝐀 by its deterministic counterpart, the matrix is written as
𝐜𝐞, and 𝐪1 is proportional to 𝐞 and 𝐱1 is proportional to 𝐜. So, 𝐞 and
𝐜 may be considered as independent, and the covariance condition
may be assumed and may, together with the randomness of 𝐀, be
regarded as the most plausible explanation proposed so far for the
quasi-linearity of wage curves often, but not always, encountered in
empirical investigations, as long as the 𝛼𝑖 and 𝛽𝑖, as defined in the next
paragraph, are not small. However, as we shall see, a ‘mixture’ of small
𝛼𝑖 and 𝛽𝑖, together with a generalisation of the randomness condition,
greatly adds to the explanation of near-linear wage curves. Each matrix
𝐀 = 𝐜𝐞 stands as deterministic counterpart for a large class of random
matrices, namely those matrices where each row 𝐚𝑖 ≥ 0 has coefficients
with a distribution that is i.i.d. and a mean 𝑐𝑖. It remains to derive the
condition for the labour vector, which is necessary and sufficient for
a linear wage curve, given 𝐀 = 𝐜𝐞. Using (𝐈 − 𝐜𝐞)(𝐈 + 𝐜𝐞

1−𝐞𝐜 ) = 𝐈 and
𝐞𝐜 = 1∕(1 + 𝑅), one gets

𝐩 = 𝑤 (𝐈 − (1 + 𝑟)𝐜𝐞)−1 𝐥 = 𝑤
(

𝐈 + 1 + 𝑟
(𝑅 − 𝑟)𝐞𝐜

𝐜𝐞
)

𝐥,

𝑤 = 𝑅 − 𝑟
𝑅𝐝𝐥 + (1 + 𝑅)𝐝𝐜𝐞𝐥 + 𝑟[(1 + 𝑅)𝐝𝐜𝐞𝐥 − 𝐝𝐥]

.

Hence, the wage curve is linear, if and only if

(𝐝𝐜𝐞 − 𝐞𝐜𝐝)𝐥 = 0, and if and only if 𝐝(𝐜𝐞𝐥 − 𝐥𝐞𝐜) = 0.

he labour theory of value results, if 𝐥 is proportional to 𝐜. The wage
curve then is linear, as it is, if 𝐝 is proportional to 𝐞 (Sraffa’s case),
but much less is necessary. A linear wage curve also results, if 𝐥 is
orthogonal to the vector 𝐝𝐜𝐞 − 𝐞𝐜𝐝 or 𝐝 is orthogonal to 𝐜𝐞𝐥 − 𝐥𝐞𝐜.

It is worthwhile to analyse the linearity of the wage curve (9) also
without assuming the randomness of 𝐀. (9) can, before setting 𝜇2 = ⋯ =
𝜇𝑛 = 0, be rewritten as, with the normalisations 𝐥 = 𝛼1𝐱1 + ⋯ + 𝛼𝑛𝐱𝑛,
𝐝 = 𝛽1𝐪1 +⋯ + 𝛽𝑛𝐪𝑛, 𝐪𝑖𝐱𝑖 = 1; 𝑖 = 1,… , 𝑛;

1
𝑤

−
𝛼1𝛽1

1 − (1 + 𝑟)𝜇1
=

𝛼2𝛽2
1 − (1 + 𝑟)𝜇2

+⋯ +
𝛼𝑛𝛽𝑛

1 − (1 + 𝑟)𝜇𝑛
= 𝐷(𝑟)

The right-hand side of this equation is a residual, called 𝐷(𝑟). The
wage curve is linear, if and only if 𝐷 = 0. For this it is sufficient that
𝛼2 = ⋯ = 𝛼𝑛 (standard commodity case) or 𝛽2 = ⋯ = 𝛽𝑛 = 0 (labour
heory of value case) or that the products 𝛼𝑖𝛽𝑖 disappear: if 𝛼𝑖 is not
ero, 𝛽𝑖 should vanish and conversely; this is a mixed case. Moreover, if
e are dealing with approximations (𝛼𝑖𝛽𝑖 small, but not zero), it helps,

f the (in general complex and different) numbers 𝜇𝑖 are small, for then
1+𝑟)𝜇𝑖 will remain small as 𝑟 increases from zero to 𝑅. Linearity would
lso result, if 𝜇1 = 𝜇2 = ⋯ = 𝜇𝑛, but this is not possible since 𝐴 is basic
nd 𝜇1 is a simple root of the characteristic equation. Hence we get a
ondition guaranteeing that 𝐷(𝑟) remains small and we can formulate:
roposition
The wage curve will be quasi-linear, if all products 𝛼𝑖𝛽𝑖 are small; 𝑖 =

,… , 𝑛. If the 𝛼𝑖𝛽𝑖 are not all small, but the 𝜇𝑖 are small enough relative
o 𝛼𝑖𝛽𝑖, 𝐷(𝑟) will be approximately constant and the wage curve is close
o a hyperbola. The hyperbola will then become quasi-linear, if the sum
2𝛽2 +⋯ + 𝛼𝑛𝛽𝑛 is small.

These criteria are useful in empirical applications; 𝛼𝑖, 𝛽𝑖, 𝜇𝑖 are then
ndicators, which characterise systems with linear wage curves.15 The

15 The idea of considering the products 𝛼𝑖𝛽𝑖𝜇𝑖 as indicators is taken from
Ferrer-Hernández and Torres-González (2022). They use vertically integrated
systems with maximum rates of profit normalised to 𝑅 = 1. This has here been
avoided, since the analysis of reswitching requires to start from the systems
themselves, and the comparison of systems on envelopes of wage curves is not

possible with normalised maximum rates of profit.
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assumption that 𝛼2𝛽2 +⋯+ 𝛼𝑛𝛽𝑛 is small corresponds to the covariance
assumption, if one assumes randomness. For we have normalising
𝐪𝑖𝐱𝑗 = 𝛿𝑗𝑖 , 𝐯 = 𝛼2𝐱2 + ⋯ + 𝛼𝑛𝐱𝑛 and 𝐦 = 𝛽2𝐪2 + ⋯ + 𝛽𝑛𝐪𝑛; hence
𝐦𝐯 = 𝛼2𝛽2+⋯+𝛼𝑛𝛽𝑛. However, we cannot really say that small 𝛼𝑖, 𝛽𝑖, 𝜇𝑖;
= 2,… , 𝑛; are ‘‘causes’’ of quasi-linear wage curves, since a small
𝑖𝛽𝑖𝜇𝑖 has no immediate economic meaning, whereas the randomness
f 𝐀 and the covariance-condition have an interpretation: the specific
tructure of production in a single industry appears as accidental in
large system. Randomness, whether it holds or not in reality, is a

undamental property; the products 𝛼𝑖𝛽𝑖𝜇𝑖 and the sum 𝛼2𝛽2 +⋯+ 𝛼𝑛𝛽𝑛
re only indicators of such states.

We have still not yet explored all possibilities. The wage curve will
e strictly linear, if and only if 𝐷(𝑟) vanishes identically, considering
formally as an independent variable in the complex plane. If 𝜇𝑖 is
simple root of the characteristic equation, 𝐷(𝑟) ≡ 0 implies 𝐵𝑖(𝑟) =
𝛼𝑖𝛽𝑖

1−(1+𝑟)𝜇𝑖
≡ 0 and 𝛼𝑖𝛽𝑖 = 0, since 𝐵𝑖(𝑟) diverges at 𝑟 = 1

𝜇𝑖
− 1 otherwise

and the 𝐵𝑗 (𝑟), 𝑗 ≠ 𝑖, remain finite. If 𝜇𝑖 = 𝜇 is a multiple root, say
𝜇𝑖1 = ⋯ = 𝜇𝑖𝑚 = 𝜇, 𝐷(𝑟) ≡ 0 requires 𝛼𝑖1𝛽𝑖1 +⋯ + 𝛼𝑖𝑚𝛽𝑖𝑚 = 0. If 𝜇𝑖 is a
imple complex root, there must be a second conjugate complex root,
ay 𝜇𝑖+1, with 𝜇𝑖+1 = 𝜇𝑖. 𝐷(𝑟) ≡ 0 then implies 𝛼𝑖𝛽𝑖 = 𝛼𝑖+1𝛽𝑖+1 = 0.

There are therefore many more possibilities to have linear wage
urves than just the three basic cases: labour theory of value, standard
ommodity, random systems. There can be multiple roots of eigen-
alues that are not zero and there can be many combinations of the
asic cases, with 𝛼𝑖 and 𝛽𝑖 or combinations equal to zero. There is no
oom here to develop a method for constructing examples, an obstacle
eing that the eigenvectors of a given matrix 𝐀 will in part be complex
nd conjugate complex, and if roots are multiple, the corresponding
igenvectors may have to be orthogonalised so that the labour vector 𝐥
nd the numéraire vector 𝐝 can, as real vectors, be represented as linear
ombinations of the eigenvectors.

Nonetheless, here is an example.16 Given are 𝐀, 𝐥 and 𝐝⊺, rounded
o three significant decimals:

⎛

⎜

⎜

⎜

⎜

⎜

⎝

0.155 0.193 0.018 0 0
0.002 0.188 0.023 0 0
0.193 0.040 0.132 0 0
0.195 0.197 0.195 0 0
0.189 0.193 0.184 0 0

⎞

⎟

⎟

⎟

⎟

⎟

⎠

,

⎛

⎜

⎜

⎜

⎜

⎜

⎝

0.042
0.015
0.193
0.007
0.743

⎞

⎟

⎟

⎟

⎟

⎟

⎠

,

⎛

⎜

⎜

⎜

⎜

⎜

⎝

2.011
3.626
0.014
0.500
0.250

⎞

⎟

⎟

⎟

⎟

⎟

⎠

]

he eigenvectors are

𝐱1,… , 𝐱5} = {

⎛

⎜

⎜

⎜

⎜

⎜

⎝

0.284
0.130
0.432
0.611
0.585

⎞

⎟

⎟

⎟

⎟

⎟

⎠

,

⎛

⎜

⎜

⎜

⎜

⎜

⎝

0.103
0.068
−0.491
−0.611
−0.568

⎞

⎟

⎟

⎟

⎟

⎟

⎠

+ 𝑖

⎛

⎜

⎜

⎜

⎜

⎜

⎝

−0.155
0.087
−0.126

0
−0.007

⎞

⎟

⎟

⎟

⎟

⎟

⎠

,

⎛

⎜

⎜

⎜

⎜

⎜

⎝

0.103
0.068
−0.491
−0.611
−0.568

⎞

⎟

⎟

⎟

⎟

⎟

⎠

+ 𝑖

⎛

⎜

⎜

⎜

⎜

⎜

⎝

0.155
−0.087
0.126
0

0.007

⎞

⎟

⎟

⎟

⎟

⎟

⎠

,

⎛

⎜

⎜

⎜

⎜

⎜

⎝

0
0
0
1
0

⎞

⎟

⎟

⎟

⎟

⎟

⎠

,

⎛

⎜

⎜

⎜

⎜

⎜

⎝

0
0
0
0
1

⎞

⎟

⎟

⎟

⎟

⎟

⎠

}

nd

𝐪⊺1,… ,𝐪⊺5} = {

⎛

⎜

⎜

⎜

⎜

⎜

⎝

1.150
2.998
0.657
0
0

⎞

⎟

⎟

⎟

⎟

⎟

⎠

,

⎛

⎜

⎜

⎜

⎜

⎜

⎝

0.907
0.528
−0.755

0
0

⎞

⎟

⎟

⎟

⎟

⎟

⎠

+ 𝑖

⎛

⎜

⎜

⎜

⎜

⎜

⎝

1.564
−3.091
−0.100

0
0

⎞

⎟

⎟

⎟

⎟

⎟

⎠

,

⎛

⎜

⎜

⎜

⎜

⎜

⎝

0.907
0.528
−0.755

0
0

⎞

⎟

⎟

⎟

⎟

⎟

⎠

+ 𝑖

⎛

⎜

⎜

⎜

⎜

⎜

⎝

−1.564
3.091
0.100
0
0

⎞

⎟

⎟

⎟

⎟

⎟

⎠

,

⎛

⎜

⎜

⎜

⎜

⎜

⎝

0.406
−1.188
−1.325

1
0

⎞

⎟

⎟

⎟

⎟

⎟

⎠

,

⎛

⎜

⎜

⎜

⎜

⎜

⎝

0.334
−1.110
−1.241

0
1

⎞

⎟

⎟

⎟

⎟

⎟

⎠

}

16 I should like to thank Caspar Schauhoff for the construction of the
xample.
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a

Since we have a multiple root of the characteristic equation, the eigen-
vectors had to be orthogonalised with 𝐪𝑖𝐱𝑗 = 𝛿𝑗𝑖 . Then we obtain for
the 𝛼𝑖 and 𝛽𝑖: 𝛼1 = 0.2205, 𝛼2 = −0.1, 𝛼3 = −0.1, 𝛼4 = −0.25, 𝛼5 = 0.5,
𝛽1 = 1.5, 𝛽2 = 0, 𝛽3 = 0, 𝛽4 = 0.5 and 𝛽5 = 0.25 and the wage curve is
inear.

The systems engendering linear wage curves in the (𝑛2 + 2𝑛)-
imensional set of systems [𝐀, 𝐥,𝐝] ≥ 0 form a very complex manifold

ℒ of lower dimension. It is an open question whether every element in
[𝐀, 𝐥,𝐝] is in some sense close to an element of ℒ . The construction
of the example suggests that this will happen more easily, if 𝑛 is
large, an insight that confirms the main section of this paper. The
special case 𝑛 = 5 represents the smallest dimension within which
we can illustrate the existence of the Frobenius root, a complex root,
necessarily associated with a conjugate complex root, and a multiple
real root of the characteristic equation, which has here been chosen to
be equal to zero in order to represent consumption goods.

The quasi-linearity of prices and wage rates, which we have here
tried to explain, stands in contrast to Sraffa’s (1960) results, who
emphasises the variability of relative prices, in particular of non-basics,
and speaks in his chapter on changes of technique of a ‘‘rapid succession
of switches’’ (Sraffa, 1960, p. 85), as one moves down the envelope,
resulting from a large number of alternative techniques with wage
curves that are far from linear. I have indicated in the first chapter
of this paper how, following Kersting and Schefold (2021), one must
qualify this affirmation. There is only a small number of efficient tech-
niques in the relevant range of the rate of profit according to theoretical
considerations, empirical results and numerical experiments.

A similar discrepancy arises with respect to the variability of prices.
Sraffa derives his very elegant formula for the reduction to dated
quantities of labour, with prices expressed in terms of the standard
commodity:

𝐩 =
∞
∑

𝑡=0
𝑤(1 + 𝑟)𝑡𝐋𝑡 =

∞
∑

𝑡=0

(

1 − 𝑟
𝑅

)

(1 + 𝑟)𝑡𝐀𝑡𝐥. (10)

Sraffa argues that the indirect quantities of labour (the labour expended
𝑡 periods ago and indirectly embodied in the present product) 𝐋𝑡 = 𝐀𝑡𝐥

ay be quite small, if one refers to distant periods, but that they may
ake their influence felt near the maximum rate of profit, where cu-
ulative profits on the corresponding advance of wage costs, expressed

y (1+𝑟)𝑡, is large. Their weight depends on the ‘terms’ (1−𝑟∕𝑅)(1+𝑟)𝑡,
hich exhibit sharp maxima for large 𝑡. These maxima have to be
ultiplied by the corresponding labour input, which is small for high

, but the product of the maximum and the labour input may be large,
raffa suggests, for he draws a series of such terms, with the labour
nputs chosen so that subsequent maxima seem to be of equal height.
his impresses the reader, for if different capital goods have indirect

abour inputs, that are unequally distributed over the past, their relative
alue must fluctuate unpredictably, as the rate of profit is varied.

However, capital goods are essentially basics, and only for non-
asics or in Austrian models is it possible to conceive of the past labour
nputs as being distributed erratically over time. If capital goods are
asic, the sequence of past labour inputs will diminish with certain
egularities, as 𝑡 increases. Moreover, a graphic representation of the
terms’ will then look quite different from the figure presented by
raffa; the maxima will be below the linear wage curve. A diagram for
he ‘terms’ for commodities that are basic has been drawn in Schefold
2021b) and one can use an approximation for standard prices of
asic commodities, which shows that they are, apart from the first few
eriods, say 𝑇 , characterised by a regular parallel reduction. As is well
nown, the powers of 𝐀, under the assumptions we have made for this
atrix, 𝐀𝑡, diminish rapidly, but we get convergence, if we multiply by

he corresponding power of 1+𝑅; we have (1+𝑅)𝑡𝐀𝑡 ←←←←←←←←←←←←←←←←←←←→
𝑡→∞

�̄��̄�, where �̄�
nd �̄� are normalised right-hand and left-hand Frobenius eigenvectors
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of 𝐀 with �̄��̄� = 1. One thus obtains the following modified formula for
he reduction to dated quantities of labour:

=
∞
∑

𝑡=0

(

1 − 𝑟
𝑅

)

(1 + 𝑟)𝑡𝐀𝑡𝐥

=
(

1 − 𝑟
𝑅

)

𝑇
∑

𝑡=0
(1 + 𝑟)𝑡𝐀𝑡𝐥 +

(

1 − 𝑟
𝑅

)

∞
∑

𝑡=𝑇+1

( 1 + 𝑟
1 + 𝑅

)𝑡
�̄��̄�𝐥 + 𝐳.

(11)

The vector 𝐳 is a vector of residuals, which tend to zero, if 𝑇 is
sufficiently large. For details see Schefold (2021b).

The reader can verify, taking the different normalisations into ac-
count, that (8) and (11) coincide for 𝑇 = 0. This relationship, which
has not been noted before, is remarkable, not only because (8) and (11)
look very dissimilar at first sight. They also belong to different analyt-
ical approaches. (8) is based on the assumption that the non-dominant
eigenvalues are small, a plausible explanation of this condition being
that the matrix is random. (11) is based on the older tradition of
expressing functions by means of an infinite (here geometrical) series,
with the only difference that, instead of omitting higher terms for an
approximation, higher terms are approximated using the convergence
of (1 + 𝑅)𝑡𝐀𝑡 to �̄��̄�. Obviously, with 𝑇 = 0, the latter approximation
plays a decisive role. Nonetheless, (11) seems to be independent of
randomness assumptions; the formula only presupposes that 𝐀 is semi-
positive, indecomposable, productive and diagonalisable — in short:
𝐀 is essentially an ordinary Sraffa matrix. How can (8) and (11) then
become equivalent?

The immediate answer, of course, is that (8) and (11) with 𝑇 = 0 can
be bad approximations, if the non-dominant eigenvalues are not small.
However, there is another argument. There is hidden randomness in
(11), even if 𝑇 is large, and not only in (11). It is also in Sraffa’s own
equation (10), insofar as the powers 𝐀𝑡 are matrices for which the non-
dominant eigenvalues – we denote them by 𝜇𝑡,2,… , 𝜇𝑡,𝑛 – tend to zero
relative to the dominant eigenvalue of 𝐀𝑡, denoted by 𝜇𝑡,1, as if the 𝐀𝑡
were random matrices, even if 𝐀 is not. For we have, if the eigenvalues
of 𝐀 are 𝜇1,… , 𝜇𝑛;𝜇1 > |𝜇2| ≥ ⋯ ≥ |𝜇𝑛| > 0; and if 𝐀 is primitive so that
𝜇1 > |𝜇2|, 𝜇𝑡,𝑖 = (𝜇𝑖)𝑡, hence |𝜇𝑡,𝑖∕𝜇𝑡,1| → 0; 𝑖 = 2,… , 𝑛, for 𝑡 → ∞. So, the
main characteristic of randomness, non-dominant eigenvalues tending
to zero, sneaks in even in the case of ordinary primitive Sraffa matrices.
The higher powers of 𝐀 stand for repeated interactions between the
prices of basics or the quantities, if one interprets the formula for
activity levels 𝐪 = 𝐝(𝐈−𝐀)−1 ≅ 𝐝(𝐈+𝐀+⋯+𝐀𝑡) as an iterative planning
process in 𝑇 steps. Specific information disappears in large systems that
are not imprimitive.

Eq. (8), which has now been buttressed with Eq. (11), assuming
𝑇 = 0, provides an information about the behaviour of relative prices,
which we shall need later. The rate of change of a price 𝑝𝑖, �̇�𝑖∕𝑝𝑖 – where
̇𝑖 denotes the derivative – is relevant for assessing whether the 𝑧𝑖(𝑟),

which play an important role in Sections 2–5,

𝑧𝑖(𝑟) =
𝑝1(𝑟)

(1 + 𝑟)𝑝𝑖(𝑟)
, 𝑖 = 2,… , 𝑛,

fall with 𝑟 increasing from 0 to 𝑅. Assuming that the strong normali-
sation is possible and using it, we now express (8) or (11) for standard
prices in linear approximation as

𝐩 = 𝐥 + 1
𝑅
𝐱1 + 𝑟

𝑅
(𝐱1 − 𝐥).

n the one hand, we then get for the rate of change of an individual
rice

�̇�𝑖
𝑝𝑖

=
𝑥1𝑖 − 𝑙𝑖

𝑅𝑙𝑖 + 𝑥1𝑖 + 𝑟(𝑥
1
𝑖 − 𝑙𝑖)

,

so that �̇�𝑖∕𝑝𝑖 < 0, if and only if 𝑥1𝑖 < 𝑙𝑖; we can call a sector with this
property labour-rich. On the other hand, we get a condition for 𝑧𝑖(𝑟) to
fall in terms of the rates of change. Obviously, d𝑧𝑖∕d𝑟 < 0, if and only
if

̇ (1 + 𝑟)𝑝 < 𝑝 𝑝 + (1 + 𝑟)𝑝 �̇�
149

1 𝑖 1 𝑖 1 𝑖
Table 1
Conditions for 𝑧𝑖(𝑟) to fall..

𝑝1
> 0 < 0

�̇�𝑖
> 0 𝑎 𝑏

< 0 𝑐 𝑑

or
𝑝1
𝑝1

<
�̇�𝑖
𝑝𝑖

+ 1
1 + 𝑟

,

here �̇�𝑖∕𝑝𝑖 < 0, if and only if sector 𝑖 is labour-rich, which sounds
plausible. We distinguish four cases in the following Table 1.

If sector 1 and 𝑖 in 1 are both labour-poor (case 𝑎), both prices
ise. Insofar, there is an equal chance for 𝑧𝑖 to rise or to fall, because
(𝐈 − 𝐀)𝐩 = 1 and therefore 𝐪(𝐈 − 𝐀)�̇� = 0. Hence, because of the
actor 1 + 𝑟 in the denominator, 𝑧𝑖(𝑟) will fall in more than half of
he cases, and the analogous conclusion holds for (𝑑). It is certain
hat d𝑧𝑖∕d𝑟 < 0 in case (𝑏). It would be certain that 𝑧𝑖(𝑟) rises, if the
actor 1 + 𝑟 was absent; but since it is not, one will get a falling 𝑧𝑖(𝑟)
n some cases even in case (𝑐), that is, if sector 1 is labour-poor, but
ess so than sector 𝑖. In conclusion, 𝑧𝑖(𝑟) will fall more often than it
ises, on average, considering many large systems. As we have seen in
he main text, this result is important, because it makes the occurrence
f transgressions less likely. The conclusion is based on a probabilistic
onsideration, which one would perhaps not like to introduce in pure
conomic theory, but, in modern economics, probability arguments are
sed very often.

To make inferences from trends based on averages, possibly dis-
urbed by events, is the approach of the modern applied economist.
raffa wanted to alert the community of economists to the fact that the
ure neoclassical theory was flawed and that the factor ‘capital’ could,
nlike land and labour, not be measured prior to the determination of
rices. It was not the only problem of pure neoclassical theory, but, in
he form of reswitching, the one that induced the most profound, at
ny rate most popular critique. In the meantime, the mainstream has
hanged, the critique must adapt to the fact that the standards of rigour
re different for applied economics. The roots of an overestimation of
he reswitching and related arguments are in Sraffa’s book itself and
ue to his strategy which addressed an audience, which was different
rom that with which we are confronted today.

There seems not to be much room for reswitching, if all wage curves
re really close to linearity, but we have argued that a sufficient number
f them are sufficiently close to linearity to warrant our conclusions
bout 𝑧𝑖(𝑟). Near linearity of wage curves as such is not sufficient to rule
ut reswitching, however. Numerical examples show that the curves
ntersecting at least twice are often quasi-linear and close together
Mainwaring and Steedman, 2000). Moreover, as stressed above, the
xtent to which actual input–output tables reflect the properties of
heoretical random matrices is still an open question. This explains why
e cannot stop here but need a deeper analysis of the type provided in

he main text.
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