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a b s t r a c t 

Samuelson assumed a linear wage curve for each of a continuum of techniques such that their envelope 

was a monotonically falling wage curve for the economy, from which an aggregate production function 

fulfilling the marginal productivity conditions could be derived. But the capital intensities of the tech- 

niques chosen at each rate of profit are not necessarily lower at higher rates of profit, if the wage curves 

are not linear, a possibility exemplified by reswitching. This critique of the capital controversy does not 

rule out Samuelson’s construction as an approximation, since the paradoxes have been shown to be rare. 

Instead, a possibility is likely that has so far not been noticed: the envelope of the wage curves will 

in the relevant range of the rate of profit be dominated by a small number of efficient techniques of 

approximately equal capital intensity, leaving little room for substitution. A new mathematical theorem 

demonstrates that the expected number of techniques that appear on the envelope is given by (2/3) ln s . 

Numerical experiments and empirical investigations confirm the analysis. 

© 2021 Elsevier B.V. All rights reserved. 
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. Introduction 

Paul A. Samuelson’s article Parable and Realism in Capital The- 

ry: The Surrogate Production Function, published 1962 in the Re- 

iew of Economic Studies ( Samuelson, 1962 ), marked the begin- 

ing of what was probably the most conspicuous controversy in 

conomic theory in the second half of the 20th century ( Harcourt, 

972; Kurz and Salvadori, 1999 ). Only a few recall it today, al- 

hough the discussion never ceased altogether ( Hagemann, 2020; 

urz, 20 0 0; 2020; Schefold, 2020; Weizsäcker, 2020 ). A brief sum- 

ary of the debate seems indispensable before we come to what 

e regard as a very surprising new turnaround. It has been shown 

ecently that the pathologies of neoclassical capital theory, on 

hich the early critiques were based, are quite rare in economies 

ith many sectors ( Schefold, 2017 ), compared with the two or 

hree sector models ( Mainwaring and Steedman, 20 0 0; Petri, 2011 ), 

hich were predominantly used in the first phase of the debate. 
∗ Corresponding author. 

E-mail addresses: kersting@math.uni-frankfurt.de (G. Kersting), schefold@wiwi. 

ni-frankfurt.de (B. Schefold). 
1 We should like to thank two anonymous referees for useful comments and 

aluable suggestions. We remain responsible for the text. 
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ven readers unfamiliar with it may remember that it had re- 

ealed the possibility of reverse capital deepening ( Levhari, 1965; 

amuelson, 1966b ). This means a change of technique, induced by 

 change of the rate of interest, such that an increase of this rate 

s associated with a higher intensity of capital and, similarly, a 

owering of the real wage may induce the switch to a technique, 

hich is less, not more labour-intensive. These anomalies can now 

e shown to be rare in large economic systems, both theoretically 

 Schefold, 2016; 2018 ) and empirically ( Han and Schefold, 2006 ). 

f they were frequent, they would not only in theory, but also in 

pplied economics question the working of the substitution mech- 

nism on which the determination of equilibrium through supply 

nd demand in capital and labour markets is based according to 

eoclassical theory. The new critique, to be presented below, con- 

erns not only theory, but also economic policy. It predicts that 

he substitution possibilities are surprisingly few, even if the num- 

er of potential techniques in the given technology or “book of 

lueprints” is very large. It turns out that the intensity of capital 

s likely to stay virtually constant over the entire relevant range of 

ariation of either the wage rate or the rate of profit. “Substitu- 

ion possibilities” here refers to the efficient techniques that show 

p on the envelope of all wage curves, on the factor price frontier. 

 multiplicity of techniques and hence of substitution possibilities 

https://doi.org/10.1016/j.strueco.2021.05.007
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w = 0 . If ˆ p = p /w are prices in terms of the wage rate, one has 1 = dp = d ̂ p w , hence 

w = 1 / d ̂ p . 
4 We denote output per head by y = dp / ql , q being the activity levels to produce 

d : 

q (I − A ) = d . 

Since all income goes to wages at r = 0 , we have y (0) = w (0) . Since output is 

the numéraire, dp = 1 and y (r) = w (0) = dp / ql = 1 / ql is independent of r, and 

y = rk + w , k intensity of capital, k = K/L ; K = qAp total capital, L = ql labour em- 

ployed. Hence k = (1 /r)(y − w ) . Clearly, k is given by tan ϕ at each rate of profit in 

Fig. Note 4 , showing the wage curve of a given technique: 
5 If there are several techniques producing the same goods, each will be charac- 

terized by its own wage curve. The profit-maximizing technique will at each r be 

that of the wage curve on the envelope. Wage curves intersecting on the envelope 

have generically all methods in all industries in common, except in one: the method 

is changed only in one industry. The intersection where the method change occurs 
elow the envelope remains, but they are inefficient. The new find- 

ng may thus help to explain the fact that major technologies stay 

n place, when the rates of wages and of interest change during 

he cycle, while minor activities may be affected: it may be easier 

o get personal for cleaning or for repairing cars, when unemploy- 

ent rises and wages are depressed, but major technical changes 

ollow from progress, not from shifts in distribution. The result is 

ot due to rigidities or deviations from rational behaviour but fol- 

ows from profit maximisation under conditions of perfect compe- 

ition. 

We shall first summarize the debate on capital theory; the 

otes summarize the essential mathematical background (Section 

 and Notes 2 – 8). We shall then give an intuitive explanation 

f why there is little substitution and little change of the capital- 

abour ratio in the relevant range of the rate of profit (Section 3). 

ection 4 provides an exact mathematical statement of the main 

esult, supported by experimental evidence. Section 5 discusses 

ossible objections and extensions, Section 6 buttresses the main 

rgument by numerical experiments and empirical investigations. 

eaders familiar with capital theory can skip Section 2 and start 

ith Section 3 . If they are interested only in the main mathemati- 

al result, they can go directly to Section 4 . 

. The capital theory debate 

We start with a summary description of the origin of the de- 

ate. The marginal productivity theory of distribution had been 

ontroversial since its inception in the 1870s; Robinson (1954) and 

raffa (1960) had criticized the concept of aggregate capital as its 

ogical basis. Now Samuelson (1962) tried to defend it by deriving 

he aggregate production function from the set of possible steady 

tates in a linear activities model. 

To each level of distribution between labour and capital, char- 

cterized by the rate of interest, there corresponded a wage rate w , 

iven the technique 2 . The factor price frontier w (r) was monoton- 

cally falling and the same construct as the wage curve in Sraffa 3 
2 A technique is here usually given by a semi-positive, productive, indecompos- 

ble input-output matrix A for the production of n goods, A = (a i j ) , where a i j de- 

otes the amount of commodity j used for the production of a unit of commodity 

 (industries on the rows, following Sraffa’s notation). Each industry i uses labour l i ; 

he labour vector is l . There is a uniform rate of profit or interest r, a uniform wage 

ate w ; the economy is in a stationary state, the wage is paid ex post , and prices 

re given by 

 = (1 + r) Ap + w l = w (I − (1 + r) A ) −1 l . 

3 There is a vector d ; it represents the basket of goods, of which the net product 

s composed. This vector is also used as the numéraire, hence dp = 1 . Prices and 

he wage rate are then determined as functions of r , p (r ) and w (r) . The wage curve 

 (r) is monotonically falling between r = 0 and a maximum rate of profit R , where 

Fig. Note 4. Wage curve of a given technique with capital-intensity tan ϕ at r. 
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1960). We here refer to the Notes for formal details, which are 

ell known to all connoisseurs of the critique so that references 

re not necessary. Samuelson succeeded in showing that a value 

f capital 4 , equal to the value of the capital goods used with the 

iven technique at the steady state prices, could be calculated at 

ach level of r between zero and a maximum rate of profit or in- 

erest R . The efficient techniques 5 (competitive and corresponding 

o the maximum attainable level of w ) would change with the rate 

f profit such that the capital-intensity would increase, as the rate 

f interest was lowered (corresponding to the fundamental neo- 

lassical proposition that lowering the rate of interest facilitates 

nvestment and accumulation), and in such a way that lowering 

he wage rate would favour the adoption of labour-intensive tech- 

iques (corresponding to the fundamental neoclassical proposition 

hat wages need to be lowered to increase employment). The en- 

elope of the wage curve would express the same as a production 

unction (see below Note 8). 

Samuelson had assumed, as he himself had pointed out repeat- 

dly, that the capital-intensities of the different sectors were the 

ame in all industries of any given technique, so that the indi- 

idual wage curves of each technique were straight lines. 6 But it 
s called a switch-point. If the wage curves happen to be straight lines as in the case 

f the wage curves w 

3 and w 

4 in Fig. Note 5 , the capital-intensity does not change 

long the wage curve, and increasing r means the adoption of wage curves of lower 

apital intensity, as r rises and w falls at the switch-point D on the envelope. This 

nverse relationship between the capital-intensity and the rate of profit does not 

old between A and B along wage curve w 

2 because of its concave curvature: the 

ntensity of capital rises between A and B . This is a non-neoclassical Wicksell-effect. 

oreover, the intensity of capital rises at B in the transition from w 

2 back to w 

1 on 

he envelope (so-called reswitching). 
6 Before hinting at generalisations, Samuelson worked with a two-sector model 

f a capital good, used in its own reproduction and for the production of a con- 

umption good, which became the numéraire. He supposed that the capital good 

as, for each technique, specific for the production of the consumption good, that 

ig. Note 5. Four wage curves, w 

1 and w 

2 curved, w 

3 and w 

4 linear. Intensity of 

apital falls with rising r in line with neoclassical theory at D . Paradoxical effects 

ue to the curvatures of w 

1 and w 

2 . 
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and 

d 2 f 

dk 2 
= − 1 

w̄ 

′′ (r) 
< 0 . 

Extending to F (K, L ) = L f (k ) , one therefore has constructed a production func- 

tion with constant returns to scale and with diminishing marginal products. The 

converse, the derivation of the wage curve from the production function fulfill- 

ing the marginal productivity conditions is obvious and yields −w̄ 

′ (r) = k > 0 and 

w̄ 

′′ (r) > 0 . (The argument is also used in the proof of Proposition 4.) The difficulties 

discussed in the critique arise, if the individual wage curves are not straight. Sup- 

pose the envelope, the collective wage curve w̄ (r) , is tangent to an individual wage 

curve ˜ w (r) at some r̄ . According to the construction of the production function, 

we must have −w̄ 

′ ( ̄r ) = − ˜ w 

′ ( ̄r ) = k , but, for the individual wage curve, k is given 

by k = (1 /r) / ( ̃  w (0) − ˜ w (r)) , according to Fig. Note 4 . The discrepancy between the 

two determinations of k is called declination; it is illustrated in Fig. Note 8 . Decli- 

nation, the discrepancy of k = tan α and k = tan β , could be zero by coincidence, if 

˜ w (0) happened to coincide with point P = ̄r tan α, although ˜ w (r) is not a straight 

line, but if we neglect the possibility of the coincidence (which has mostly been 

overlooked in the literature), it is clear that straight individual wage curves are not 
as found in the subsequent controversy that the individual wage 

urves were not straight, their envelope, though falling, was there- 

ore not necessarily convex; it could contain concave parts, hence 

he aggregate value of capital did not necessarily fall relative to 

abour employed, as the rate of interest or profit was increased, 

either for the individual techniques, nor on the envelope. To the 

xtent that this happened without a choice of technique and was 

ue to the curvature of the individual wage curves on the en- 

elope, these occurrences were called (non-neoclassical) Wicksell- 

ffects. Even more striking was the phenomenon of reverse capital 

eepening. As the rate of interest increases, techniques change at 

he intersection of individual wage curves on the envelope. These 

re the so-called switch-points on the envelope, where generically 

ne method changes so that there are two systems of prices, dif- 

ering in one method; prices are the same for both systems at 

he switch-point itself. It turned out to be possible that a tech- 

ique, adopted because of a rise of the rate of interest across the 

witch-point, showed a higher, not a lower intensity of capital and 

ndeed, a technique, which had been profitable at a low rate of 

rofit and which was dominated by other methods at intermediate 

rofit rates, could reappear at a high rate (so called reswitching) 7 . 

amuelson’s student Levhari (1965) tried to exclude reswitching 

y means of assuming that each technique was given by an in- 

ecomposable input-output matrix, but his proof was erroneous, 

ounter-examples were provided by a number of critics, starting 

ith Pasinetti (1966) , and the story of this battle was told in quite

 few histories, short and long (Harcourt 1962; Kurz and Salvadori 

965; Hagemann, 2020 ). After this, advanced theorists like Samuel- 

on himself admitted that the use of the aggregate production 

unction was not rigorous Samuelson (1966b) , but it did not dis- 

ppear from the textbooks and returned with the new theories of 

rowth in the 1980s ( Aghion and Howitt, 1998 ). 

Garegnani (1970) , in what was perhaps the most thorough con- 

ribution to the critique, tried to show that Samuelson’s assump- 

ion had, by being restrictive, not only been sufficient to show that 

he surrogate production function could be constructed, but Gareg- 

ani tried to demonstrate that these assumptions were also neces- 

ary, and not only for the validity of neoclassical theory in the form 

f the production function (the Clarkian parable) but also for Wal- 

as’s general equilibrium (as a theory of long-run equilibrium) and 

or Böhm-Bawerk’s analysis. As we discuss in the Notes 8 and partly 

n other papers ( Schefold, 2013a ), Garegnani’s proof of the neces- 
s, the capital good of one technique could not be used in combination with the 

ethod to produce the consumption good of another technique. Wage curves are 

traight lines, if and only if either the numéraire is an eigenvector of the input- 

utput matrix (Sraffa’s standard commodity) or if relative prices are constant for all 

, hence if they are equal to prices at r = 0 , which means that they are equal to 

abour values. Samuelson did not make it clear that this was his assumption. It has 

een pointed out by Salvadori and Steedman (1988) that the intersection of the lin- 

ar wage curves of two systems on the Samuelson’s envelope would be dominated 

y combinations of the methods taken from the two systems, but Samuelson had 

xcluded such combinations by this assumption of specificity. 
7 Reswitching has been illustrated in note 5. Reverse capital deepening occurs, 

f there is a third wage curve dominating the first but not the second switch in 

hat would otherwise, without the third wage curve, be reswitching. One then has 

n envelope with all switches except one being of the neoclassical type, and the 

witch where the intensity of capital unexpectedly rises is not marked as a return 

f a technique that would be visible on the envelope. 
8 If a large number of straight individual wage curves (as above w 

3 and w 

4 in 

ote 6) of individual techniques are given, such that each is in part on the enve- 

ope, the envelope itself constitutes a collective wage curve for the entire spectrum 

f techniques. It is monotonically falling and convex. Making the transition to a 

ontinuum of techniques, one gets a smooth wage curve as envelope w̄ (r) , with 

¯  ′ (r) < 0 and w̄ 

′′ (r) > 0 . The absolute value of the slope of the tangent −w̄ 

′ (r) = k 

s the capital-intensity of the technique. If one now defines a per capita function 

f (k ) = w̄ (r) + rk (r) = w̄ (r) − r ̄w 

′ (r) , one finds 

df 

dk 
= 

df 

dr 

/ 

dk 

dr 
= ( ̄w 

′ (r) − w̄ 

′ (r) − r ̄w 

′′ (r)) / (−w̄ 

′′ (r)) = r 

o

e
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ity omitted a small possibility in the case of the aggregate pro- 

uction function and was more tentative than rigorous as regards 

he 19th century neoclassical economists. What was on that occa- 

ion in 1970 more important, he failed to clarify the relevance of 

is critique for modern general intertemporal equilibrium, which 

s normally not a long-run equilibrium because the initial endow- 

ents are not in general given in that proportion which would al- 

ow to reach a steady state from the beginning and could then be 

aintained for subsequent periods. The question as to how the cri- 

ique related to intertemporal equilibrium had been raised by the 

ery editor of the Journal ( Bliss, 1970 ). Garegnani endeavoured to 

nswer to this challenge in later years, and this entailed a contro- 

ersy of its own, which we cannot pursue here ( Schefold, 2008 ). 

uffice it to say that non-neoclassical Wicksell-effects and reverse 

apital deepening imply a special kind of stability problems for 

eneral intertemporal equilibria, even if their existence is not in 

uestion. 

By contrast, Garegnani’s general assertion, that the critique af- 

ected all versions of the old long-run neoclassical theory, was 

ooted in his early work ( Garegnani, 1960 ) and turned out to be 

 profound insight. It has been developed later by Petri (2004) and 

chefold (2016) , among others, and Garegnani’s chief merit was 

erhaps his identification of the break in the history of neoclassical 

hought, when early long-run neoclassical theory ended, because 
nly sufficient, but also necessary for the neoclassical paradigm to hold. Wicksell 

ffects, reswitching and reverse capital deepening are other manifestations of the 

roblem of non-linear wage curves. 

ig. Note 8. If there is a continuum of techniques and if the wage curve of each 

echnique is a straight line, it is tangent to the collective wage curve w̄ as shown 

n the digram at r̄ . Output per head then is equal to P and the capital-labour ratio 

s given by tan α. But if the individual wage curves are not straight, like wage curve 

˜  at r̄ , output per head is given by ˜ w (0) and the capital-labour ratio is given by 

an β . The fact that there is a difference between P and ˜ w (0) and between tan α

nd tan β is called declination. 



G. Kersting and B. Schefold Structural Change and Economic Dynamics 58 (2021) 509–533 

L

p

p

f

w

(

t

t

v

i

b

s

c

s

t

a

f

c

d

s

o

S

i

t

o

t

t

i

q

c

h

t

h

u

h

o

t

p

s

t

s

w  

t

t

a

i  

i

o

d

w  

o

p

a

n

c

e

(

p

t

n

n

t

n

e

b

d

3

e

a

d

t

c

a

t

a

t

u

c

y

w

h

1

t

o

n

t

a

(

l

r

m

p

w

i

w

c

b

t

o

t

c

s

v

c

a

a

t

b

b

m

p

s

indahl and Hicks opted successfully for the introduction of tem- 

orary equilibria ( Garegnani, 1976 ), with the result that the long- 

eriod method was largely abandoned by neoclassical theorists in 

avour of the intertemporal approach, except for the steady states, 

hich were kept as a framework to discuss theories of growth 

e. g. Weizsäcker, 1971 ). 

But, in all this, nobody seemed to question or even to no- 

ice the least plausible of Samuelson’s assumptions. What was no- 

iced, and pointed out by Samuelson himself, was that the indi- 

idual wage curves had to be straight lines, for then the capital- 

ntensity was constant for each technique and hence an unam- 

iguous characteristic of the wage curve: each technique had its 

pecific capital-intensity. For the wage curves to be straight, the 

apital-intensities had to be the same in all sectors, as already 

tated, and this means that relative prices did not depend on dis- 

ribution and therefore were equal to labour values. As Salvadori 

nd Steedman (1988) have shown, methods of production taken 

rom different techniques could thus not be combined, for the 

ombinations would have led to unequal capital intensities in the 

ifferent sectors, and the straight wage curves would at the inter- 

ections on the envelope have been dominated by the wage curves 

f combinations, which would thus in general not be straight 9 . 

amuelson himself had very briefly indicated that the capital goods 

n his model were specific to the techniques. This means that each 

echnique produces and uses capital goods that are not produced 

r used in other techniques, while we shall assume that methods 

aken from different techniques can be combined to form a new 

echnique (but we shall discuss another restriction on technolog- 

cal choice as an intermediate case in Section 5). The critics have 

uite correctly pointed out the lack of generality of Samuelson’s 

onstruction 

10 , which is expressed in these properties, and they 

ave noted the irony that Samuelson based the surrogate produc- 

ion function on the assumption that the labour theory of value 

eld for each of the alternative techniques, as in the first two vol- 

mes of Das Kapital by Karl Marx, while he wanted to distance 

imself from the Marxian tradition ( Samuelson, 1966a [1961]). 

But all the critics failed to perceive that Samuelson did not 

nly assume that individual wage curves were straight, but also 

hat wage curves of techniques with a high productivity of labour 

redominantly had a low maximum rate of profit or, with con- 

tant returns to scale, a low maximum rate of growth, equal to 

he maximum rate of profit. In his diagram, the techniques can be 

een to be ordered according to the productivity of labour, equal to 

 (0) , the real wage per head, if all output goes to workers. Each

echnique is also characterized by a maximum rate of profit, and 

hese two points determine the straight wage curve. Samuelson’s 

ssumption, as shown in his diagram, but not formulated in words, 

s that, as in Fig. 1 , Section 3 below, the permutation of the max-

mum rates of profit associated with the technique is the inverse 

rdering of the ordering of the techniques according to the pro- 

uctivity of labour – except perhaps for a few inferior techniques, 

hich do not get up on the envelope. If it is not assumed that the

rdering of the maximum rates of profit is inverse to that of the 

roductivities of labour or if not some similar assumption is made, 
9 See also Note 6 above. 
10 On the one hand, one has to admit that methods of production are always 

dapted to local conditions (institutions, geographical givens). On the other, combi- 

ations are the essential result of competition and emerge up to today in the pro- 

ess of globalisation. One of the most eminent and influential present-day Chinese 

conomists writes: “Technological innovation: borrowing is the preferred option.”

 Lin, 2012 , p. 13). This refers primarily to the copying and developing of industrial 

rocesses of the more advanced countries by those, who catch up. It is typical that 

he technique to be copied is the dominating technique, the most advanced tech- 

ique, and not one that would be less efficient and more labour-intensive. The Chi- 

ese do not copy techniques that are twenty years old, but the most recent ones, if 

hey can, although they still live in a labour surplus economy. 
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ot a few but most techniques will have wage curves below the 

nvelope and the number of the techniques on the envelope will 

e so small that the idea of substitution (which is what all the 

iscussion is about) loses its meaning. This is what we shall show. 

. From reswitching to the number of substitution possibilities 

How many possibilities of substitution do we encounter on the 

nvelope? In order to clarify the question, it is useful to ask why 

 technique should not be ‘good’ both with regard to the pro- 

uctivity of labour and the maximum rate of growth. This ques- 

ion presumably never came up in the discussion, because neo- 

lassical economists repressed the entire discussion in their minds 

nd regarded the idea of substitution as obvious, while the critics 

hought that the wage curves of individual techniques were curves 

nyway, which formed a complicated pattern such that most of 

hem came up on the envelope, on the factor price frontier, in 

npredictable sequences. I (here Bertram Schefold is writing) can 

laim an exception for myself. It is now (spring 2020) exactly 50 

ears ago that I asked Joan Robinson in her class in Cambridge, 

hether she expected ‘many’ wage curves on the envelope. Sraffa 

imself had spoken of a “rapid succession of switches” ( Sraffa, 

960 , p. 85), which one would encounter as one moved down 

he envelope. She replied that she thought there would be only 

ne wage curve dominating the others, that of the ‘best’ tech- 

ique; it would be superior independently of the level of distribu- 

ion. I was astonished. We often discussed the choice of techniques 

nd switch-points, when we experimented with two-sector models 

the calculations of prices derived from input-output models came 

ater). When I asked her about visible changes of technique, she 

eplied that that was technical progress. I now had a doubt in my 

ind, but I returned to my agenda, which was the theory of joint 

roduction. 

In the early 20 0 0s, a Korean student of mine, Zonghie Han, 

anted to find empirical proofs for the existence of reswitch- 

ng and reverse capital deepening. He examined the envelopes of 

age curves, calculating the individual wage curves from empiri- 

al input-output tables, which, taking in combination as books of 

lueprints, gave rise to a rich choice of techniques. In order to keep 

he calculations manageable, he would always combine the input- 

utput tables of two countries at one time or of one country at 

wo different times, assuming that in each industry there was the 

hoice between two methods, say, either car manufacturing French 

tyle or German style. Since the input-output tables had 33 rele- 

ant sectors, there were now 2 33 potential techniques for the two 

ountries taken together. If all the methods of production had been 

ssumed to be specific for the technique in which they were used, 

nd that means, in this example, for the country concerned, only 

wo wage curves, one of France and one of Germany, would have 

een to be compared. Intermediate cases of specificity are plausi- 

le: Both Austria and Greece produce wine, but only Greece has 

aritime transportation. Since Han ruled out such specificity com- 

letely (which was of course as daring an assumption as the oppo- 

ite), 11 two input-output tables gave rise to the full potential of a 

pectrum of 2 33 different wage curves. The envelope of each spec- 

rum was calculated by linear programming, and pairing a number 

f input-output tables in this manner, several hundred envelopes 

ere obtained, which Han inspected painstakingly. A thesis re- 

ulted ( Han, 2003 ) and a joint paper ( Han and Schefold, 2006 ) con-

aining two surprises: (1) Cases of reverse capital deepening and 

ne case of reswitching could be found, but they were rare. More 

han 95% of the switches were neoclassical. (2) About ten wage 
11 We recall that Samuelson postulated specificity ( Samuelson, 1962 , p. 196), while 

chumpeter postulated that technical change came about through ‘new combina- 

ions’ ( Schumpeter, 1969 [1934], pp. 12–16). 
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15 The eigenvalues of large random matrices tend to zero ( Goldberg and Neumann, 

2003 ), and if we set them to zero, the formula for prices of Note 12 becomes 

p = w 

[ 
1 + R 

R − r 
x 1 + x 2 + · · · + x n 

] 
. 

Let net output vector d be written as d = q 1 + · · · + q n in analogy to the represen- 

tation of l in Note 12. The wage in terms of d then is 
urves of individual techniques formed each envelope; not one, as 

oan Robinson had anticipated, and not many, as Samuelson and 

raffa had implied, without making their assumptions explicit –

ndeed, they did not even realize that they here were assuming 

omething. 

I (BS) have spent much time during the last fifteen years trying 

o confirm, reject or at least to understand these results. Before 

e get to puzzle (2), which is the subject of this paper, pointedly 

eformulated, we must summarise some results regarding (1). 

Numerous studies show that wage curves derived from input- 

utput tables are never straight, but they are not as strongly 

urved as the critics used to expect. The reasons are not entirely 

lear. It is well known that a linear wage curve results if prices are

xpressed in terms of baskets of goods as numéraires and if the 

asket is proportional to Sraffa’s standard commodity 12 . Appropri- 

te measures for prices in such empirical comparisons are not indi- 

idual goods – they, taken as numéraires, lead to more pronounced 

urvatures in most cases – but an average of the vectors of con- 

umption or of the vectors of net national products in the compar- 

son of the wage curves derived from the input-output systems of 

ifferent countries in a given period. These vectors will in general 

ot be equal to the standard commodity of any of the countries 

oncerned, but their compositions may be somewhat similar, so 

hat the deviation of the wage curves from linearity may be mod- 

rate 13 . 

It is also known that linear wage curves result, if prices are 

qual to labour values (this, strictly assumed, was Samuelson’s 

ase). Actual prices deviate from labour values, but perhaps not 

hat much, as already Ricardo thought. 14 Hence another reason 

hy the deviation of actual wage curves from linearity may be 

oderate, and the two reasons given do not exclude, but may re- 

nforce each other. 

A third possibility was investigated on purpose in order to ex- 

lain the phenomenon of near linearity of wage curves in the con- 

ext of the critique of the surrogate production function. If the sys- 

ems are random in that the input-output matrices are random 

with certain additional properties) and if the labour vector stands 

n a certain random relationship to the matrix, a nearly linear wage 

urve will result, and it tends to strict linearity as the dimension 

f the system (the number of sectors) tends to infinity. These as- 

umptions have been used to construct an approximate surrogate 
12 If A is diagonalisable, with eigenvalues μ1 , . . . , μn , left-hand eigenvectors (rows) 

 i ; q i A = μi q i , and right-hand eigenvectors x i ; Ax i = μi x 
i ; i = 1 , . . . , n ; and if we 

rite l = x 1 + · · · + x n , where, for convenience, the x i are so normalized that the 

oefficients in the representation of l as a linear combination of the x i are all equal 

o unity, we have 

 = (I − (1 + r) A ) −1 l = w 

n ∑ 

i =1 

x i 

1 − (1 + r) μi 

. 

f μ1 > 0 is the Frobenius eigenvalue with q 1 > 0 and x 1 > 0 , we get, with q 1 as 

uméraire vector, because q 1 x 
j = 0 ; j = 2 , . . . , n ; 

 = q 1 p = 

w q 1 x 
1 

1 − (1 + r) μ1 

= w 

1 + R 

R − r 
q 1 x 

1 

ith μ1 = 1 / (1 + R ) ; R maximum rate of profit. Hence 

 = 

R − r 

(1 + R ) q 1 x 1 
, 

hich is Sraffa’s linear wage curve, except for the difference in normalisation. 
13 Whether the deviations from linearity are strong or weak is a matter of judge- 

ent. See ( Mariolis and Tsoulfidis, 2014 ). 
14 This has been maintained consistently by Anwar Shaikh and his school ( Shakih, 

016; Shaikh et al., 2020 ). 
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roduction function, 15 and they may also explain the existence and 

he stability in the factor markets of general equilibria of the “old”

9th-century neoclassical authors. 16 

So there are reasons to return to Samuelson’s reconstruction of 

eoclassical theory on the basis of linear wage curves – not in the 

ense of a rigorous theory that holds without exception, but as an 

pproximation, this time not based on the labour theory of value, 

ut on weaker and perhaps more plausible assumptions. Admit- 

edly, linear wage curves are a fiction. Theory and empirical inves- 

igations leave no doubt that Wicksell-effects are ubiquitous, even 

f the deviation from linearity is, especially for numéraires consist- 

ng of many commodities, not large. The examination of this fic- 

ion remains nonetheless essential, for it is necessary for neoclas- 

ical theory to avoid declination and reverse capital deepening. We 

o, of course, not pretend that wage curves are linear, but we pro- 

ose to return, temporarily at least, to the mental experiment of 

inear wage curves. This should be of interest also for readers who 

re not inclined to regard empirical wage curves as quasi-linear. 

s will be seen, the assumption is not essential for all of what fol- 

ows. We shall argue in Section 5 that weaker assumptions suffice 

o preserve essential results. 

Cutting a long story short, we now take up point (2) and as- 

ume strictly linear wage curves: what then about Samuelson’s as- 

umption that, the higher the labour productivity of an individual 

echnique, the lower the corresponding maximum rate of profit? 17 

amuelson seems to have taken it for granted that, by and large, 

or any given technique, the productivity of capital would be the 

ower, the higher the productivity of labour. If this is the case, we 

hall say that we have a spectrum of techniques with inverse pro- 

uctivities. That spectra are not always like that, follows from the 

ollowing consideration: Joan Robinson thought that “good” tech- 

iques would be characterized by high productivities of both, of 

abour and of capital. If there is a really good technique, it domi- 
 = 

1 

d ̂ p 
= 

1 
1+ R 
R −r 

q 1 x 1 + q 2 x 2 + · · · + q n x n 

he wage curve is linear, if 

 2 x 
2 + · · · + q n x 

n = (d − q 1 )(l − x 1 ) = 0 , 

herefore if the deviations m = d − q 1 of the ‘Sraffa vector’ q 1 from the numéraire 

ector d and of the ‘Marx vector’ x 1 from the labour vector l , v = l − x 1 are orthog- 

nal, and this will be the case if m and v are uncorrelated, for then, mv = n m v 
nd v can be shown to vanish, if A is random. An ‘approximate’ surrogate produc- 

ion function is proposed on the basis of these assumptions, leading to linear wage 

urves in Schefold (2012). 
16 In between the totally disaggregated general equilibrium model of the Arrow- 

ebreu type and the aggregate production function models we find the early neo- 

lassical general equilibrium models described by Garegnani (1960) and and Petri 

2004) , in which distribution between capital and labour is analysed by assuming 

hat a nominal quantity of capital, fixed in terms of the numéraire, is given as the 

upply. The demand for capital goods follows from the conditions of reproduction in 

 steady state, and the endowments permitting the maintenance of the steady state 

re endogenous. It can be shown that the conditions for such an equilibrium to ex- 

st and to fulfill appropriate stability conditions are very similar to those needed to 

rove the possibility of aggregation of a production function ( Schefold, 2016 ). 
17 Samuelson’s interpretation of the maximum rate of profit as the maximum rate 

f growth is, of course, formally correct but the comparisons here made refer to 

tationary systems, as he himself pointed out. We could therefore also contrast the 

roductivity of labour with the productivity of capital, for the maximum rate of 

rofit gives profit divided by capital, when profit absorbs the entire product. (The 

aximum rate of profit can by the way also be seen as the inverse capital-output 

atio, with capital goods valued at the prices pertaining to this maximum rate.) 
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Fig. 1. Three wage curves with neoclassical ordering (the ordering of the maximum 

rates of profit is inverse to that of the wage rates). If the maximum wage of the 

third wage curve is higher (dotted line), one switch-point disappears (dominance 

from below). 
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ates all others and there is no substitution. Samuelson’s assump- 

ion implies that, as one moves down the envelope, all or most 

echniques will appear one by one. He gave a graphic example of 

echniques alpha, beta, gamma, delta, appearing in this order on 

he envelope, except that a process epsilon remained entirely be- 

ow. 

The number of wage curves involved here can be very large. 

n our standard example, we have ten countries, each with 100 

ndustries or sectors, producing the same commodities. Informa- 

ion is decentralized, in that producers know or can find out what 

he technique of each of their nine competitors in their industry 

s, while nobody knows the peculiarities of all industries in all 

ountries. If we assume away any possible specificity of the capital 

oods or of combinations of processes, ten methods can in princi- 

le be used in each industry, so that there are in principle 10 100 

age curves, and the question now is: how many of them will 

ake it up on the envelope? Most of them, as Samuelson’s con- 

truction seems to suggest – then Sraffa’s formulation of a “rapid 

uccession of switches” is appropriate – or only one, because there 

s only one dominant technique independently of distribution, as 

oan Robinson thought? Both positions have intuitive appeal. The 

eoclassical might say: if the productivity of labour is high, the 

ngineers have probably achieved this at the expense of a high 

roductivity of capital. Joan Robinson might reply that research is 

lways directed at finding methods that beat those of the com- 

etitors in a broad set of circumstances, that entrepreneurs aim at 

urplus profits without favouring the use of capital or labour, that 

unk costs of finding new techniques are high and that therefore 

uccessful techniques are not numerous and do not easily change 

ecause of redistribution. 

The central assumption to begin with is in a sense a compro- 

ise: The two productivities shall be random and completely in- 

ependent of each other. More formally: we can order each fi- 

ite set of techniques σ = 1 . . . , s , with wage curves w 

σ (r) , such

hat the ordering corresponds to the productivities of labour and 

 

1 (0) > · · · > w 

s (0) . The assumption then is that the ordering of

he corresponding R 1 , . . . , R s of the maximum rates of profits or 

roductivities of capital shall be independent of the ordering of 

he productivities of labour or that, which is an equivalent ex- 

ression of the central assumption, all permutations of the R σ are 

qually likely. We thus write the ascending sequence of the maxi- 

um rates of profit as R σ1 
, . . . , R σs , where (σ1 , . . . , σs ) is a permu-

ation of (1 , . . . , s ) . R s is the maximum rate of profit pertaining to

age curve w 

s (r) . R σs is the largest among all s maximum rates of

rofit. 

The assumption can be derived from the postulate of a uniform 

ivariate probability distribution, but it is more general, as we shall 

ee. Meanwhile it turns out that the assumption leads to a new 

athematical problem: how many of these s wage curves can be 

xpected to appear on the envelope? The question seems not to 

ave been asked before, except for a paper by Schefold (2013b) , 

hich gives an easy provisional answer. The complete solution, to 

e presented below, is more difficult. It has been found by Götz 

ersting and has surprising implications. 

We begin by summarizing Schefold’s sketch of the matter. As 

e shall see, it leads to an upper bound, if we proceed “from 

bove” and look at the wage curve with the highest productiv- 

ty of labour, w 

1 (r) . It is on the envelope by definition, with

 

1 (0) > w 

σ (0) ; σ = 2 , . . . , s . Coming down from above, it is clear

hat w 

2 (r) will be on the envelope with probability 1 
2 , for it will

e on the envelope if R 2 > R 1 and it will be dominated by the first

age curve throughout if R 1 > R 2 . Both possibilities are equally 

ikely by assumption (we assume all maximum rates of profit and 

ll productivities of labour to be different). Continuing to look from 

bove, we find that w 

3 (r) appears on the envelope with probabil- 

ty 1 
3 , for R 3 > R 1 and R 3 > R 2 is possible both with R 1 > R 2 and
514 
 2 > R 1 , hence in two cases out of six, hence with probability 1 
3 .

y induction, we find that the expected number of wage curves on 

he envelope, ω, is given by 1 + 

1 
2 + 

1 
3 + · · · + 

1 
s . If s is large, we

an approximate ω by the natural logarithm: 

 = ln s. 

The natural logarithm of s tends to infinity, but slowly; the 

hare of the wage curves, which appear on the envelope, �, is 

iven by � = 

ω 
s = 

ln s 
s , and this tends to zero as s tends to infin-

ty; the number of efficient techniques becomes vanishingly small 

elatively to the number of potential techniques below the enve- 

ope. 

It has been easy to derive this estimate, but it overstates the 

umber of wage curves on the envelope, for the reason that a wage 

urve coming later, as one moves down on the envelope, can be- 

ome dominant (appear on the envelope) by dominating one or 

ven several earlier wage curves, which seemed to have become 

ominant by looking only from above. The possibility is illustrated 

n Fig. 1 . 

The unbroken lines are three straight wage curves of the neo- 

lassical type: the ordering of the productivities of capital is in- 

erse to the ordering of the productivities of labour. But the dotted 

ine shows a possible alternative to the third wage curve such that 

t dominates the second wage curve, which seemed to be on the 

nvelope, when one looked from above and considered only the 

rst two wage curves. 

Because of the phenomenon of ‘dominance from below’, the 

ormula ω = ln s overstates the number of wage curves to be ex- 

ected on the envelope, but by how much? This is a curiously 

ricky mathematical problem. It is clear that both w 

1 (r) and w 

σs (r) 

an never be dominated from below, but a w 

σ (r) , where σ is 

in the middle”, can possibly dominate many wage curves with 

igher labour productivities from below at intermediate rates of 

rofit, which might have been dominant, looked at from above. Yet, 

he formula ω = ln s seemed to provide an only moderate over- 

tatement according to empirical investigations, applying the for- 

ula to the results in Han and Schefold (2006) , in Zambelli et al. 

2017) and also in numerical experiments (some are reproduced 

elow, Fig. 5 ). The numerical experiments were based on the as- 

umption that the wage rates at r = 0 and the maximum rates of 

rofit were at equal distances (the wage curves were drawn in a 

egular grid). Looking at Fig. 1 , one realises that the transition to 

 regular grid can make a difference: if w 

3 ∗(0) is shifted down- 
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Fig. 2. The wage curves and their anchor by points in the wage curve box. One 

wage curve, w 

5 , is entirely dominated by the others, and such domination shows in 

the fact that P 1 , P 2 , P 3 , P 4 are all above and to the right of P 5 . 
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ards, so as to obtain as much space between w 

2 (0) and w 

3 ∗(0)

s between w 

1 (0) and w 

2 (0) , the dominance from below disap- 

ears. But dominance from below can evidently also occur, if the 

rid is regular. 

roposition 1. Under the central assumption (equal probability of 

ll orderings of the maximum rates of profit) and if s straight wage 

urves are given, the expected number of wage curves on the enve- 

ope is equal to or lower than ln s . 

The empirical confirmations of Proposition 1 can only be ap- 

roximate: real wage curves, as derived from empirical input- 

utput tables, are not exactly straight; numerical experiments with 

traight wage curves are based on regular grids. Nonetheless, the 

mpirical results are plausible and the results will be extended in 

ections 5 and 6. 

The logarithm ln s tends to infinity with s , but slowly. In the 

tandard example, with 10 100 wage curves, the number of curves 

n the envelope is only 100 ln 10 ∼= 

230 . The substitution possibil- 

ties are therefore far more limited than the enormous number of 

age curves involved suggests. But we have found a much more 

adical result: there is virtually no change of the capital-labour ra- 

io along the relevant range of the envelope, as w becomes large, 

nd the possibilities of substitution cluster in two small neighbour- 

oods: around the maximum wage rate w 

1 (0) and the largest of 

he maximum rates of profit R σs . The exact formulation of these 

ropositions requires some preparation and more specific assump- 

ions, summarized in the Remark below. 

Let the wage curves w 

1 (r) , . . . , w 

s (r) , with w 

1 (0) > · · · > w 

s (0)

straight lines) of a spectrum of techniques be arranged in the rect- 

ngle Q , the wage curve box. The line segments w 

σ (r) , defined by

he end points w 

σ (0) and R σ , can be represented by a point P σ in

, with the end points as coordinates. Q contains a grid, the hor- 

zontal lines of which are defined by w 

σ (0) and the vertical lines 

y the R σ . We measure profit rates on the abscissa, which are pure

umbers (pure numbers apart from the time dimension of interest, 

ere taken into account via the length of the period of production). 

e measure on the ordinate output per head. When we look at 

he grid, these measures define the distances between the lines of 

he grid. The lines themselves may simply be numbered. Since the 

 

σ (0) and the R σ are different, each horizontal and each vertical 

ine will contain exactly one representative or anchor point P σ , so 

hat the grid in Q looks like a perturbation matrix, except that Q

s not necessarily square and the grid is in general not regular, in 

hat the distances between the grid lines vary. See Fig. 2 , where 

e have five wage curves with the corresponding anchor points. 

One easily confirms: Two (straight) wage curves like w 

1 and w 

2 

n the wage curve box intersect inside the wage curve box if and 

nly if the line segment P 1 P 2 is negatively sloped. Dominance oc- 

urs if and only if P 1 P 2 is positively sloped. Finally, w 

1 and w 

2 in- 

ersect at their endpoints on the boundary of Q , if and only if P 1 P 2 
s horizontal or vertical. 

Now we imagine that the wage curve box gets below the di- 

gonal d filled with more and more wage curves of number s , 

n such a way that all orderings of the maximum rates of prof- 

ts are equally likely. We therefore stick to the central assumption 

dopted for Proposition 1 . We can express it by saying that the 

air [ w σ (0) , R σ ] is independent from the pair [ w τ (0) , R τ ] , σ � = τ ;

or all σ and τ . The five wage curves drawn correspond to Samuel- 

on’s idea of a surrogate production function, but this picture will 

e destroyed if there is a wage curve dominating most of the en- 

elope of w 

1 , w 

2 , w 

3 , w 

4 , such as a wage curve w 

6 (dashed line,

oughly parallel to diagonal d) and represented by point P 6 . If one 

r several such points exist in the upper right corner of the box 

BF E, say in the triangle DF G , a new envelope arises with – as

ill be shown – only a few switch-points except near the corners 
515 
and B . As we have drawn the diagram, the envelope consists of 

hort stretches of w 

1 and w 

4 , and of the long stretch of w 

6 . Sub-

titutions, which will take place on this envelope, will only occur 

ear the corners E and B , if there is only one such point P 6 in

he triangle DF G . If there are several such points, the slopes of the

orresponding wage curves will necessarily be almost equal, hence 

ubstitutions would (except at the corners) not lead to appreciable 

ariations of the capital-labour ratio. 

How likely is that to happen? In order to show it, we calculate 

he probability π that it does not happen, that is, we calculate the 

robability π that there is no anchor point in the triangle DF G ; 

herefore that all s anchor points lie in ABDGE. Triangle DF G is on 

 rows and m columns, trapezium CDGE is on m lines with rows 

f lengths between s − m and s . The point on the first row can

herefore lie on one of s − m places, the point on the second row 

which, in trapezium CDGE, has s − m + 1 places) can also lie on 

ne of s − m places, since one column has been occupied by the 

oint on the first row. Similarly for m − 2 later rows. The number 

f possible placements of points in the trapezium is (s − m ) m . 

Since m columns have been occupied in the trapezium, there 

emain s − m columns to be occupied in the rectangle ABDC with 

 − m rows; s − m points can be placed in the remaining rectangle 

BDC in (s − m )! ways. 

The entire box ABF E can be occupied in s ! ways. Hence the 

robability π we are looking for is, with 0 ≤ m < s , given by 

= 

(s − m ) m (s − m )! 

s ! 
. 

Two special cases may be considered, before we transform this 

ormula: 

If m = 0 , trivially π = 1 . 

If m = 1 , π = 

s −1 
s = 1 − 1 

s and π̄ , the probability that at least

ne point like P 1 is in the upper right corner of Q , is π̄ = 

1 
s . This is

he Joan Robinson case: One wage curve, the diagonal d, represent- 

ng one best technique, dominates all others. This is unlikely, but 

he surprising result will be that the unlikely case becomes likely 

ith only small modifications. 

In order to calculate the general case, it is convenient to begin 

ith 1 /π : 

1 

π
= 

s ! 

(s − m ) m (s − m )! 
= 

s (s − 1) · · · (s − m + 1) 

(s − m ) m 

= 

s 

s − m 

· s − 1 

s − m 

· · · s − m + 1 

s − m 
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π
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(
1 + 

m 

s − m 

)(
1 + 

m − 1 

s − m 

)
· · ·

(
1 + 

1 

s − m 

)
The ratios m/ (s − m ) , . . . , 1 / (s − m ) are small for large s , given

 . Hence they may be approximated by using the formula ln (1 + 

 ) ∼= 

x , and the approximation will be exact, if we let s and m go to

nfinity, but in such a way that the ratio m/ (s − m ) tends to zero.

his is achieved by assuming 18 m = 

√ 

γ s , where 1 ≤ γ ≤ s , since 

e had assumed m ≤ s . The coefficient γ then is kept constant, as 

 → ∞ : 

1 

π
= exp 

[ 
ln 

(
1 + 

m 

s − m 

)
+ · · · + ln 

(
1 + 

1 

s − m 

)] 
∼= 

exp 

[ 
1 

s − m 

(1 + · · · + m ) 
] 

= exp 

[ 
m (m + 1) 

2(s − m ) 

] 
∼= 

exp 

γ s + 

√ 

γ s 

2(s − √ 

γ s ) 
= exp 

γ + 

√ 

γ /s 

2 − 2 

√ 

γ /s 

s →∞ −−−→ 

√ 

e γ

e get 

lim 

 →∞ 

π = 

1 √ 

e γ

nd π̄ tends to 

lim 

 →∞ 

π̄ = 1 − 1 √ 

e γ
. 

If γ = 1 , we thus find that the wage curves will be domi- 

ated by at least one wage curve very close to the diagonal d in 

oughly one half of the cases 19 . And if we set a higher value for

he constant γ , this will become virtually certain, as π̄ will tend 

o 1, without, however, reaching that limit s , since γ must be kept 

ounded. 

Remark The probability distribution underlying this result can 

e formalized in different ways; we have begun with an elemen- 

ary and intuitive approach 

20 . We now provide a formal descrip- 
18 Strictly speaking, m measures the number of grid lines counted along F G and 

 D respectively, so that m should more rigorously be defined as the largest natural 

umber smaller than 
√ 

γ s . 
19 Note that the square root here imposes itself. For if one lets m grow with s , 

sing m = s α , it is clear that α > 0 (otherwise no growth) and α < 1 (otherwise m 

vertakes s ). The convergence of 

xp 

[ 
m (m + 1) 

2(s − m ) 

] 
= exp 

s 2 α + s α

2 s − 2 s α
= exp 

1 + s −α

2 s 1 −2 α − 2 s −α

hen requires α = 1 / 2 . 
20 We visualize the distribution for the main example. The techniques used in 100 

ectors by 10 countries can be identified by means of a number with 100 digits. 

ach digit expresses the country of origin of the method of production used in the 

ndustry, expressed by the position of the digit in this number. Accordingly, in or- 

er to keep the techniques distinct in the grid, outputs per head and maximum 

ates of profit must also be measured in terms of at least 100-digit numbers, even 

f this degree of precision is far beyond that usually employed in economics. That 

he techniques, either as given by the input-output coefficients or as represented 

y the wage curves, are actually distinct can be proven by means of the theory of 

egular systems ( Schefold, 1971 ). To insist on the distinctness is important in order 

o model the difference between the understanding of techniques as separate activ- 

ties from the set-theoretical approach which was promoted in the Arrow-Debreu 

ersion of general equilibrium theory in the 1950s and beyond. It is plausible that 

he techniques will cluster in the middle between the extremes, without, however, 

etting really sparse at the ends. To assume an independent probability distribution 

or the anchor points on the lines and columns of the grid is not in contradiction 

ith the idea of a normal distribution on the margin of the grid. An analogy may 

elp to visualise this. The individuals in a population of adults can be characterised 

y their height and their intelligence, with nearly normal distributions. There will 

e a clustering around the average height, say 175 cm, and around the average in- 

elligence index, say 100. Assume that all combinations of height and intelligence 

re equally probable in this grid. The probability distribution, although it is uniform, 

ill nonetheless express a clustering indirectly: Since there are more individuals, 

ho are of average intelligence, as measured on the abscissa (scaled by the index), 

he outcome for a person who is tall, as measured on the ordinate (scaled in cm), is 

hat he/she will also more likely be of average intelligence. It basically means that 

eight and intelligence are not correlated. 
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ion of the strong case: We assume a bivariate conditional proba- 

ility distribution of the anchor points [ w 

σ (0) , R σ ] , which is uni-

orm. The distributions of the w 

σ (0) and the R σ on the axes are

niform and the pairs [ w 

σ (0) , R σ ] are independent. Moreover, the 

ollowing conditions hold: 

(i) The number of grid lines s , the values of w 

1 (0) and R σs and

the distances between the grid lines are given. 

(ii) No two methods of production are equal, hence no two val- 

ues of the w 

σ (0) or of the R σ shall be equal; there is one

and only one anchor point on each grid line or row. 

(iii) If a σ with w 

σ (0) is given and m grid columns are occu- 

pied, R σ is on any of the remaining grid columns with prob- 

ability 1 / (s − m ) . 

(iv) Similarly, if the roles of rows and columns are reversed. 

The definition implies that an anchor point [ w 

σ (0) , R σ ] is in its

osition on a given line σ with probability 1 /s and in any posi- 

ion with probability 1 /s 2 , as there are s 2 positions in the wage

urve box, as long as the position of the other anchor points are 

nknown. Each increase of s implies the introduction of a new 

rid, and it must be specified whether and how the maximum di- 

ensions w 

σ (0) and R σ and the distances between the grid lines 

hange (see Corollary 3 below). It is striking that no such specifi- 

ation was necessary for Proposition 1 ; the assumption about the 

ermutations sufficed. 

Note that the formula for π , the probability that there is 

o anchor point in triangle DF G , can be calculated, using (iii), 

y observing that [ w 

1 (0) , R 1 ] is in its position in the trapezium

DGE with probability s −m 

s , if all other positions are unknown, 

 w 

2 (0) , R 2 ] , given R 1 , is in its position with probability s −m 

s −1 and so

n; [ w 

m (0) , R m 

] with probability s −m 

s −m +1 , and all these conditions

re fulfilled simultaneously if 

= 

s − m 

s 
· s − m 

s − 1 

· ... · s − m 

s − m + 1 

= 

(s − m ) m (s − m )! 

s ! 
. 

his is the same formula as the one obtained above. 

Note also that the assumption of a uniform distribution of the 

nchor points implies what we had called the ”central assump- 

ion”, as can be shown by induction. As with the throw of two 

ice, the positions of R 1 and R 2 are independent, hence R 1 > R 2 
nd R 2 > R 1 are equally probable, R 1 = R 2 being excluded. Simi- 

arly, R σ+1 > R τ and R σ+1 < R τ are equally probable; τ = 1 , ..., σ .

ince all permutations can be generated by sequences of permuta- 

ions of two elements, all permutations are equally probable. The 

onverse, however, is not true. If x i j ; i, j = 1 , ..., s ; is the probabil-

ty for an anchor point to be found on row i, column j, if x i j =
 /i for j = 1 , ..., i and if x i j = 0 for j = i + 1 , ..., s , we have P (R σ >

 σ−1 , ..., R σ > R 1 ) = 

1 
s , although the probability distribution is not

niform. We shall show in Section 5 and 6 how the assumptions of 

he strong case can be relaxed and modified without affecting the 

ain results substantially. To begin with a uniform distribution of 

he anchor points between given bounds is appropriate, because it 

s the maximum entropy probability distribution. 

Now we conclude from what we have proved about π and π̄ : 

roposition 2. If the number s of techniques can be increased indef- 

nitely, to each probability π ∗, 0 < π ∗ < 1 , a number γ can be as-

igned such that with probability π ∗ there will be a wage curve w 

∗

ith a distance to the diagonal d, measured horizontally and verti- 

ally, not larger than m = 

√ 

γ s . 

orollary 1. The envelope of all wage curves will lie in between w 

∗

nd d. 

Note that wage curve w 

6 in Fig. 2 illustrates such a w 

∗. 

orollary 2. The relative distance, bounded from above by m/s = 

 

γ /s , tends to zero. 
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Fig. 3. The envelope for many techniques. 
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Will this distance also tend to zero absolutely (and not only rel- 

tively), if we measure it as percentage points of rates of profit 

long the abscissa and in terms of output per head along the or- 

inate? This will evidently depend on how we model the increase 

n the number of techniques. It need not be the case, if additional 

echniques have higher output per head and higher rates of profit 

the wage curve box then will grow larger –, but if additional 

echniques spring up in between those which are already there –

f the growth of the box is bounded –, our grid becomes denser, 

ot larger and the distance between neighbouring points on the 

xes shrinks at both ends. Obviously: 

orollary 3. If additional techniques come in without an increase of 

aximum output per head and of the maximum of the rates of profit, 

uch that the R σ cluster uniformly all along the abscissa and the 

 

σ (0) along the ordinate, the distance between w 

∗ and d tends to 

ero. 

In order to observe the process of clustering for large, but finite 

 , we go back to Fig. 2 . As s increases, additional techniques are

rought in and the productivities of labour and capital increase, 

ut not indefinitely in a finite world. So let us assume a given large

 – we may again think of our standard example with 10 100 wage 

urves. We measure the wage rate and the rate of profit in relative 

erms by normalizing w 

1 (0) = 1 and R σs = 1 . We may impose a

egree of certainty c that there is at least one wage curve close to 

iagonal d (corresponding to w 

6 in Fig. 2 ) by requiring that π ≤ c, 

o that 
√ 

e γ ≥ 1 /c or γ ≥ ln (1 /c 2 ) . If we demand that such a wage

urve exists with the expectation of a trillion to one, we have c = 

0 −12 and γ = ln (1 /c 2 ) ∼= 

55 . 

This defines m = 

√ 

γ s ; the wage rate w 

6 (0) of this wage curve

 

6 therefore is in an interval I w 

between a ˜ w = 1 − m/s and 

 

1 (0) = 1 . The maximum rate of profit R 6 is in an interval I R be-

ween a ˜ R = R σs − m/s and R σs = 1 . In the standard example, we

ave m 

∼= 

√ 

55 · 10 50 . The length of the intervals I w 

and I R 
21 is 

/s ∼= 

7 · 10 −50 . If s is larger than astronomical numbers in the 

tandard example, m/s is smaller than diameters of elementary 

articles relative to macroscopic terrestrial objects. 

We now want to show that the intensity of capital on the en- 

elope is, except at rates of profit very close to zero or to R σs ,

ery close to the intensity of capital of w 

6 , which is very close to

he intensity of capital of the diagonal d, interpreted as a poten- 

ial wage curve with intensity of capital w 

1 (0) /R σs (equal to one 

ith our normalization). Indeed, it is geometrically obvious that 
w 

6 (0) 
R 6 

∼= 

w 

1 (0) 
R σs 

since w 

6 (0) is in I w 

and R 6 is in I R . If w 

6 is not part

f the envelope, the envelope itself is even closer to d. 

We can summarize broadly as follows: Having fixed γ in order 

o reach a desired degree of certainty, we can still increase s , if 

he technology is rich enough in methods, and in theory we can 

o with s to infinity so as to bring the envelope, which consists of 

ine segments, arbitrarily close to d, so that the capital-intensities, 

epresented by the line segments, must approach the slope of d, 

ince the envelope as a whole is monotonically falling. 

roposition 3. The intensity of capital tends, except in a vanishingly 

mall neighbourhood of r = 0 and r = R s , to w 

1 (0) /R σs , as s tends to

nfinity as in Corollary 3. 

Matters look different for finite s , as one approaches the corners 

and B . The envelope may start at E with a nearly vertical slope 

the intensity of capital is large initially) and ends at B with a tan-

entially horizontal slope (the intensity of capital may be small). It 

hen seems to follow from our assumptions that the envelope has 

he properties of the wage curve one derives from a neoclassical 

roduction function, but only in the small, at small rates of profit 
21 Putting w 

s (0) = 0 for simplicity. 

b  

m

t
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r wage rates. In a world with a large, but finite s , the envelope

ould therefore look as in Fig. 3 , consisting of a large number of 

ine stretches. 

The absolute value of the slope of the first wage curve in going 

own from E and of the last, when one arrives at B , is a priori any-

here between infinity and the slope of the diagonal, and between 

hat and zero respectively, so that these initial and terminal wage 

urves determine the slopes of the beginning and the end of the 

nvelope. The probability that the first wage curve is the steepest 

s the same as that it is already the dominating wage curve and 

ctually equal to d, namely 1 /s . Moreover, as s increases, point P 6 
ill be driven into the upper right corner, as m/s tends to zero. 

his means that the wage curve corresponding to P 6 , w 

6 , will tend

o the diagonal also near the axes, and the possible wage curves 

f high and low capital-intensity there will tend to get dominated 

o that the intensity of capital will, in our normalization, tend to 

ne near both ends. There remains little room for the substitution 

f capital for labour with these assumptions, and Joan Robinson’s 

osition then is vindicated. 

To assume a smooth wage curve as in Fig. 3 is a concession to 

eoclassical theory. Our original assumptions define an envelope 

omposed of line segments of a subset of the wage curves w 

σ (r) .

s one moves down the envelope, the wage rate falls monotoni- 

ally as the rate of profit rises. Each line segment of a w 

σ (r) on the

nvelope is associated with a definite capital intensity k σ , which 

alls as r rises, and an output per head y σ = w 

σ (0) , which also

alls. If one associates each of the capital intensities, going now 

rom the lowest to the highest, with the corresponding output per 

ead, y σ = w 

σ (0) , one obtains a rising step function y σ = f (k σ ) ,

nd the question is whether a smoothing of the envelope will lead 

o a smooth production function fulfilling the marginal productiv- 

ty conditions. 

We now postulate that a smooth envelope w (r) can be given 

ith stylized assumptions, that is with w 

′ (0) = k σs � 1 , w 

′ (R σs )

mall and, as in Fig. 3 , with a long linear stretch in the middle

etween rates of profit r 1 and r 2 , as an expression of the fact that

he envelope approximates the diagonal of the wage curve box, like 

age curve w 

6 (r) in Fig. 2 according to what we have proved. The 

ntensity of capital k is equal to the absolute value of the slope of 

 (r) at each r and y = f (k ) is given by the intersection of the tan-

ent with the ordinate so that f (k ) rises monotonically and con- 

inuously. The intensity of capital is equal to one along the linear 

egment of w (r) between r 1 and r 2 , if we assume a normalised

age curve box, and f (1) is well defined, but f (k ) has a kink at

 = 1 , since the rate of profit equals r 2 , if we approach k = 1 from

elow, and r falls from r 1 , as k is raised beyond k = 1 . This indeter-

inacy of the marginal productivity condition is not small, since r 1 
ends to zero and r 2 to R σs , as s increases. 
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Fig. 4. The envelope with s = 10 . 
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To show this more formally, we have to go back to the 

ell-known mathematical construction of the production function, 

tarting from the wage curve ( Samuelson, 1962 , p. 202; Schefold 

989, pp. 297-8; the procedure is the reversal of the derivation of 

he wage curve from the production function explained in Note 8). 

For each individual technique we have output per head y σ = 

 

σ (0) because of the choice of the numéraire (Note 3). Account- 

ng yields (y σ − w (r)) /r = k , and the tangent to the wage curve

 (r ) at r has slope −k σ , because w (r) is the envelope of the wage

urves. Hence k = −w 

′ (r ) at each r , and with this the produc-

ion function can be defined parametrically by f (k ) = w (r) + rk =
 (r) − rw 

′ (r) . Now f (k ) is well defined, if w 

′′ (r) � = 0 , which is the

ase in the intervals [0 , r 1 ) and in (r 2 , R σs ] , but w 

′′ (r) = 0 in [ r 1 , r 2 ] .

e have in [0 , r 1 ) and in (r 2 , R σs ] as in Note 8 

df 

dk 
= 

df 

dr 

/ 

dk 

dr 
= 

1 

−w 

′′ (w 

′ − w 

′ − rw 

′′ ) = r. 

his means that the production function, so defined, fulfils the 

rst-order condition of the marginal productivity relationship (and 

imilarly for the second order), but the linear section of w (r) , 

here the function k = w 

′ (r) cannot be inverted, results in a kink

f f at k = 1 . 

roposition 4. Given the stylized assumptions of Fig. 3 , an approx- 

mate surrogate production function f (k ) results, which fulfils the 

arginal productivity condition f ′ (k ) = r and f ′′ < 0 , except at k = 1 ,

here the function is continuous, but the left-hand derivative equals 

 2 and the right-hand derivative equals r 1 . 

The indeterminacy of the marginal product is not small, for we 

et from Proposition 3 : 

orollary 4. As s tends to infinity, r 2 tends to R σs = 1 and r 1 to zero.

Since the economy will tend to a state with k = 1 , distribu-

ion remains unexplained. The underlying reason will emerge in 

he next section, where it is shown that the economy does not 

nly tend to a specific value of the capital-labour ratio, but that 

he number of techniques that are actually eligible is surprisingly 

mall. This means that, if we do not flatten the envelope by intro- 

ucing a continuum of techniques and by assuming, à la Samuel- 

on, that it is as smooth as in Fig. 3 , there will be substitution

n the sense of changing of techniques at the (small number of) 

witchpoints, but there will be virtually no substitution in the 

from the point of view of neoclassical theory) relevant sense of 

hanges of the capital-labour ratios, for they tend to equality, ex- 

ept at the ends of the envelope, as will be shown more rigorously 

n the next section. This, then, is the new critique of neoclassical 

heory, which results on the basis of the Samuelsonian assumption 

hat wage curves are linear, irrespective of whether one regards 

his assumption as a concession in the debate or because one re- 

ards it as licit in the belief that empirical wage curves are quasi- 

inear or because one argues that wage curves must tend to be 

uasi-linear as a result of the random character of systems. For ex- 

ensions to the non-linear case, see Section 5, for empirical confir- 

ation see Section 6 . 

. Theorem by Kersting 

The theorem is introduced as a mathematical problem with its 

wn notation. It may be studied independently of the other sec- 

ions of the paper, but it provides an essential insight for the eco- 

omic analysis, by which it is inspired. 

Let s ∈ N and let (σ1 , . . . , σs ) be a random permutation of

1 , . . . , s ) . Denote by w 

k the straight line in the plane passing

hrough the points k at the ordinate and σk at the abscissa. We 

re going to study their envelope w in the plane’s first quadrant, 

 (r) := max 
1 ≤k ≤s 

w 

k (r) , r ∈ [0 , s ] . 
518 
etween its endpoints (0 , s ) and (s, 0) it is made up of several line

egments. Let K be the set of points in the plane, where these seg- 

ents join up (the “kinks” of w ), and denote its cardinality by 

 s := # K. 

lso, for 0 < ε < 1 set 

 s,ε := # { (i, j) ∈ K : εi ≤ j and ε j ≤ i } , 
hich is the number of kinks in the sector within the first quad- 

ant with the angle ϑ = π/ 2 − 2 arctan ε, see Fig. 4 . Note that X s =
 s, 1 /s . 

heorem. As s → ∞ 

 [ X s ] ∼ 2 

3 

ln s and E [ X s,ε] ∼ 2 

3 

ln ε−1 . 

The intuition behind this result is as follows: The envelope w 

s primarily made up of a few lines w 

k , which have the property

hat both k and σk are close to s (the deviation being of order 
√ 

s ).

hey show up in the expectations E[ X s,ε ] , with increasing s their 

umber remains bounded. Additionally, w contains at both ends 

ines w 

k where just k or just σk is close to s , including the lines

ith k = s or σk = s . Our result indicates that there are on average
1 
3 ln s many at each end. 

The same result appears, if the terms w 

k (0) and σk do not 

ollow a regular pattern, but arise as values of independent ran- 

om variables, uniformly distributed on the interval (0,1). Since 

he envelope is primarily made up from those terms w 

k (0) and σk 

lose to 1, the requirement of uniformity may well be relaxed. It is 

nough to assume that the independent random variables have a 

ontinuous density f on the interval (0,1) fulfilling f (1) > 0 . It is a 

hallenging question, to what extent the situation changes for den- 

ities with the property f (x ) > 0 for all x > 0 . This problem will be

reated in a future study. 

Fig. 5 illustrates these asymptotic results by simulations from 

amples of size 10.0 0 0. The dots in the left-hand illustration spec- 

fy the simulated expectations E[ X s ] with s = 10 a , a = 1 , . . . , 9 , and

he line is the function 

2 
3 ln s . The dots in the right-hand graphics 

ive the simulated expectations of E[ X s,ε ] for the two values of ε
hen 

2 
3 ln ε−1 is equal to 1 or 2. They correspond to the angles ϑ

ith degrees 64.8 and 84.3, respectively. 

Outline of) Proof. The full proof will be given in a separate pa- 

er. Here we omit some technical details and focus on the central 

ssues. 

(i) Let us call a quadrupel (a, b, c, d) of natural numbers a con-

tellation , if 1 ≤ a < b ≤ s and 1 ≤ c < d ≤ s , see Fig. 6 . It determines

he point (i, j) of intersection of the straight line between (0 , a )

nd (d, 0) and the line between (0 , b) and (c, 0) . Each element of

is such an intersection point, which suggests to count K by de- 

iding for each intersection point, whether it belongs to K or not. 
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Fig. 5. The simulations. 

Fig. 6. A constellation. 
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hus, we assign to each constellation (a, b, c, d) a random variable, 

ndicating that it participates in the envelope in the sense that 

oth lines from a to d and from b to c take part in w . In other

erms: 

 abcd := 

{
1 , if σa = d, σb = c and (i, j) ∈ K, 

0 else. 

ach element of K will be captured by one of the random vari- 

bles. Some element of K may be multiply recorded, since we have 

i, j) = (i ′ , j ′ ) for some pairs of constellations, however, this fea-

ure is negligible in the limit s → ∞ . Summing these random vari-

bles over the constellations fulfilling εi ≤ j ≤ i/ε yields 

 s,ε ≤
∑ 

a,b,c,d 
εi ≤ j≤i/ε

Y abcd , 

nd the expectation taken on the left-hand side is well approxi- 

ated by that on the right, that is 

[ X s,ε] ∼
∑ 

a,b,c,d 
ε≤ j/i ≤1 /ε

P (Y a,b,c,d = 1) (1) 

s s → ∞ . To a certain extent this approximation is valid also for

ariable ε. In particular, inserting ε = 1 /s we obtain an approxima- 

ion for the expectation of X s = X s, 1 /s . 

(ii) Next we deduce a formula for the probability of { Y abcd = 1 } .
he occurence of this event requires that none of the lines w 

k runs 

bove the point (i, j) . This is immediate for k ≤ j, and for k > j it

s required that w 

k (i ) ≤ j. Since w 

k (i ) = k (1 − i/σk ) , the latter con-

ition boils down to 

k ≤ r k with r k := 

ik 

k − j 
. 
519 
he requirement has to be taken into account as long as r k < s or,

quivalently, as long as 

 > 

js 

s − i 
. (2) 

t follows that 

 Y abcd = 1 } = { σa = d, σb = c and σk ≤ r k for all 
js 

s − i 
< k ≤ s } . 

lso observe that r k is increasing with decreasing k . Consequently, 

lacing the lines w 

s , w 

s −1 ,...one after the other, and checking all 

avorable and possible outcomes, we obtain the formula 

 (Y abcd = 1) = 

[ r s ] 

s 

[ r s −1 ] − 1 

s − 1 

· · · 1 

b 
· · · 1 

a 
· · ·

= 

1 

ab 

∏ 

js 
s −i 

<k ≤s 

k � = a,b 

[ r k ] − (s − k ) 

s − (s − k ) 
= 

1 

ab 

∏ 

js 
s −i 

<k ≤s 

k � = a,b 

(
1 − s − [ r k ] 

k 

)

here [ r k ] denotes the biggest natural number not exceeding r k . 

ncorporating in addition the inequalities 1 − x ≤ e −x and [ r k ] ≤ r k 
ields 

 (Y abcd = 1) ≤ 1 

ab 
exp 

(
−

∑ 

js 
s −i 

<k ≤s 

k � = a,b 

s − r k 
k 

)
. (3) 

t can be shown that in our calculations we may substitute this 

pper bound for the probability. 

(iii) Now we derive an approximation for the right-hand expres- 

ion in (3) . From a heuristic point of view it is obvious that, with

 increasing, there are lines w 

k with the property that both k and 

k don’t deviate much from s . This has been shown more formally 

n Section 3 ( Proposition 2 and Corollaries). This implies that the 

nvelope w is close to the diagonal connecting (0 , s ) and (s, 0) .

herefore it is plausible, and indeed can be shown, that we may 

onfine our considerations to constellations, fulfilling 

, b, c, d ∼ s 

s s → ∞ . In order to use these asymptotics for i and j we intro-

uce the notations 

 := b − a y := d − c u := s − b v := s − d. 

 quick calculation results in 

 = 

cd(b − a ) 

c(b − a ) + b(d − c) 
∼ sx 

x + y 
j = 

ab(d − c) 

c(b − a ) + b(d − c) 
∼ sy 

x + y 
,

(4) 

ence 

 − i ∼ sy 

x + y 
∼ j s − j ∼ sx 

x + y 
∼ i, 
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oreover 

 − i − j = 

c(b − a )(s − d) + b(d − c)(s − a ) 

c(b − a ) + b(d − c) 
∼ x v + yu + xy 

x + y 
. 

Coming back to (3) observe that for k ≤ s fulfilling (2) we have 

 ∼ s . Consequently 

s − r k 
k 

= 

s − i 

k (k − j) 

(
k − js 

s − i 

)
∼ s − i 

s (s − j) 

(
k − js 

s − i 

)
∼ y 

sx 

(
k − js 

s − i 

)
nd ∑ 

js 
s −i 

<k ≤s 

s − r k 
k 

∼ y 

sx 

∑ 

js 
s −i 

<k ≤s 

(
k − js 

s − i 

)

∼ y 

sx 

∫ s 

js 
s −i 

(
z − js 

s − i 

)
dz 

= 

y 

sx 

1 

2 

(
s − js 

s − i 

)
2 

= 

sy (s − i − j) 2 

2 x (s − i ) 2 

∼ f (x, y, u, v ) 
2 s 

ith 

f (x, y, u, v ) := 

(x v + yu + xy ) 2 

xy 
, x, y ≥ 1 u, v ≥ 0 . 

pplying the approximations to (3) (and neglecting the require- 

ent k � = a, b for the summation index) yields 

 (Y abcd = 1) ∼ 1 

s 2 
exp 

(
− f (x, y, u, v ) 

2 s 

)
. 

o arrive at the expectation these terms have to be summed for 

ll constellations (a, b, c, d) , that is for all natural numbers x, y ≥ 1

nd u, v ≥ 0 with x + u < s, y + v < s . Again it can be shown that

he latter requirements can be ignored in the limit s → ∞ . Also 

n view of (4) we replace the condition ε ≤ j/i ≤ 1 /ε by ε ≤ y/x ≤
 /ε. With these adjustments (1) yields 

[ X s,ε ] ∼ 1 

s 2 

∑ 

x,y ∈ N ,u, v ∈ N 0 
ε≤y/x ≤1 /ε 

exp 

(
− f (x, y, u, v ) 

2 s 

)

nd also 

[ X s,ε ] ∼ 1 

s 2 

∫ ∫ ∫ ∫ 
x,y,u, v > 0 
ε≤y/x ≤1 /ε 

exp 

(
− f (x, y, u, v ) 

2 s 

)
d xd yd ud v . (5) 

(iv) It remains to determine this fourfold integral. First we ac- 

omplish the integration with respect to u and v for fixed x and y .

o this end we introduce new coordinates 

 := 

x v + yu + xy √ 

xy 
w := xu − y v . 

he condition u, v ≥ 0 translates into 

 ≥ √ 

xy , −y 

x 
(z 

√ 

xy − xy ) ≤ w ≤ x 

y 
(z 

√ 

xy − xy ) 

nd for the Jacobian determinant we have | ∂(z,w ) 
∂(u, v ) | = −(x 2 + 

 

2 ) / 
√ 

xy , thus d ud v = 

√ 

xy d zd w/ (x 2 + y 2 ) . Hence 
 ∫ 

, v > 0 

exp 

(
− (x v + yu + xy ) 2 

2 sxy 

)
d ud v 

= 

∫ ∞ 

√ 

xy 

∫ x 
y (z 

√ 

xy −xy ) 

− y (z 
√ 

xy −xy ) 
e −z 2 / (2 s ) 

√ 

xy d wd z 

x 2 + y 2 

x 

520 
= 

∫ ∞ 

√ 

xy 

(
x 

y 
+ 

y 

x 

)
(z 

√ 

xy − xy ) e −z 2 / (2 s ) 

√ 

xy 

x 2 + y 2 
dz 

= 

∫ ∞ 

√ 

xy 

(z − √ 

xy ) e −z 2 / (2 s ) dz. 

ext we complete the calculation by performing the intergration 

ith respect to x and y . Here a second change of coordinates is 

elpful. We set η = xy , ξ = y/x with corresponding Jacobian deter- 

inant | ∂(η,ξ ) 
∂(x,y ) 

| = 2 y/x = 2 ξ . Thus d xd y = d ηd ξ/ 2 ξ and 

 ∫ ∫ ∫ 
x,y,u, v > 0 
≤y/x ≤1 /ε 

exp 

(
− (x v + yu + xy ) 2 

2 sxy 

)
d xd yd ud v 

 

∫ ∫ 
x,y> 0 

≤y/x ≤1 /ε 

∫ ∞ 

√ 

xy 

(z − √ 

xy ) e −z 2 / (2 s ) d z d xd y 

= 

∫ 1 /ε 

ε 

∫ ∞ 

0 

∫ ∞ 

√ 

η
(z − √ 

η) e −z 2 / (2 s ) d z 
d ηd ξ

2 ξ

= 

∫ 1 /ε 

ε 

dξ

2 ξ

∫ ∞ 

0 

e −z 2 / (2 s ) 

∫ z 2 

0 

(z − √ 

η) d ηd z 

= ln ε −1 

∫ ∞ 

0 

1 

3 

z 3 e −z 2 / (2 s ) dz. 

y means of the subsitution z ′ = z 2 / (2 s ) it follows that the right-

and integral has the value 2 s 2 / 3 . Going back to (5) we obtain 

[ X s,ε ] ∼ 2 

3 

ln ε −1 , 

hich is one of our claims. It holds also true, if we replace ε by 

 /s , which gives the other claim. �

. Reconsidering results and assumptions 

The unusual findings at which we have arrived will provoke 

oubts and discussions. We shall try to respond to some poten- 

ial objections. Before doing so, we synthesize some earlier results 

n a concrete economic example. Most economists do not take the 

roduction function for an immediate image of reality, but as a 

onstruction, which helps to visualize some aspects of what they 

erceive to be the basic characteristics of the economy: the pro- 

uction function illustrates the substitution of capital for labour, as 

abour becomes scarce and capital is accumulated in the long run 

r the substitution of labour for capital, if there is unemployment. 

n either case, substitution means that capital goods are recom- 

ined in different techniques – new ones in the process of growth, 

ld ones, if unemployment is to be absorbed. In the former case, 

abour stays roughly constant and capital grows, vice versa in the 

atter. This happens in the relevant range of the rate of profit, and 

rofit maximisation implies that the techniques chosen are on the 

nvelope and efficient. 

Fig. 8 shows how the substitution possibilities present them- 

elves in our model. Suppose the industrial rate of profit is be- 

ween r 1 , say 3%, and r 2 , say 20%, and the assumptions of the the-

rem of Section 4 hold. According to the earlier propositions, the 

nvelope will be so close to the diagonal, that the distance be- 

ween them may be neglected. This made it possible to conclude 

hat the capital-labour ratio cannot change much on the envelope, 

xcept at its ends. Thanks to the Theorem, we can now turn to the 

hange of techniques itself and calculate the number of substitu- 

ions (switch-points) that can be expected between r 1 and r 2 by 

alculating the difference between the numbers of switch-points 

f the larger cone with angle ϑ 1 , defined by r 1 , and the narrower

one with angle ϑ 2 , defined by r 2 , in Fig. 7 . For reasons of symme-

ry, one half of the difference must be taken. 
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Fig. 7. Two cones (angles ϑ 1 and ϑ 2 ) defined by r 1 and r 2 . The envelope within the 

difference of the cones between r 1 and r 2 is likely to contain only one technique 

with r 1 = 3% and r 2 = 20% . 
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Fig. 8. A growing economy; the dominating technique of each period is represented 

by a wage curve showing the growth of the capital-labour ratio at a maximum rate 

of profit (inverse of the capital-output ratio) that stays constant. 
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22 Shaikh (1987) has shown that this growth process with constant shares and a 

rising capital-intensity creates the illusion of a Cobb-Douglas production function. 
The corresponding ε 1 and ε 2 result from the elementary inter- 

ept theorem as ε i = r i / (1 − r i ) , assuming that we have the square

age curve box with side length 1 and a regular grid. The expected 

umber of switch-points between r 1 and r 2 then is 

1 

2 

(
2 

3 

ln 

1 

ε 1 
− 2 

3 

ln 

1 

ε 2 

)
= 

1 

3 

(
ln 

(
1 

r 1 
− 1 

)
− ln 

(
1 

r 2 
− 1 

))
. 

With r 1 = 3% and r 2 = 20% one gets 2 . 08 / 3 . Hence less than

ne switch-point, hence only one technique is expected to be en- 

ountered in this fairly large relevant range of the rate of profit. 

he capital-intensities of neighbouring techniques will for large s 

early be the same in a much larger range, but here, there is not 

ven a method change, and this despite the fact that, the num- 

er of techniques between zero and r 1 will tend to infinity as 

 → ∞ . The result is perplexing: as more techniques become avail- 

ble, fewer will appear in the relevant range, since most switch- 

oints are pushed into the corners. The economy will stay at k = 1 ,

f we represent it by means of an approximate surrogate produc- 

ion function ( Proposition 4 ), and it is confirmed that output per 

ead will be near one, as long as the rate of profit remains in the

elevant range. 

We concluded at the end of Section 3 that there is virtually no 

ubstitution between capital and labour, if efficient techniques are 

onsidered, and we now see that there is, in the relevant range, 

hen hardly any method change at all. We mention important con- 

lusions before we discuss the assumptions. 

An important difference between this critique of the neoclassi- 

al approach and the older one, based on reswitching and reverse 

apital deepening, should be noted. Reswitching and reverse capi- 

al deepening are rare, as we saw by means of references to earlier 

ork (Section 1) both empirically and, for large systems, in the- 

ry. Almost universally dominating techniques also are rare: rare 

n the set of all techniques. But while it does not matter much – it 

robably will not even get noticed – when reverse capital deepen- 

ng occurs in reality, almost universally dominating techniques are 

eached or approximated through profit maximisation and show in 

he fact that actual techniques change through progress, not distri- 

ution. 

Where did the idea of substitution as the central mechanism 

egulating distribution come from? The idea of a process of ac- 

umulation accompanied by a rising capital-labour ratio was, as 

e just have recalled, suggested by the rise of machinery in Ri- 

ardian times ( Schefold, 1976 ). Since there was labour-saving tech- 

ical progress, one could also conceive of the opposite: to opt for 

ess capital-intensive techniques to employ more labour, and fac- 
521 
or prices would steer these processes. The principle of the process 

f substitution had been well understood in the case of land and 

abour thanks to the Ricardian theory of intensive rent. But capi- 

al is not land. It was found that the gain in labour productivity 

owered not only the cost of output in real terms, but also that of 

apital goods so that the capital-output ratio could stay constant, 

hich is the inverse of the maximum rate of profit. Accumula- 

ion could proceed at a constant rate of profit r and with constant 

hares of profits and wages, which means formally that the wage 

urve turns around the point of the maximum rate of profit r = R .

ig. 8 illustrates these ‘stylized facts’. 22 The wage curves shown are 

hose of the universally dominating techniques of each period. A 

hange in the rate of profit – whatever causes the change of dis- 

ribution – does not lead to a substitution with significant changes 

f the capital-labour ratio. The latter changes only in the long run 

hrough technical progress. 

One could summarize this last result by stating that our ap- 

roach provides a theory of capital that can serve as the founda- 

ion for a Kaldorian theory of growth. This means that the new 

urn in capital theory has a positive consequence, by which it dis- 

inguishes itself from the negative critique based on reswitching 

nd related arguments. The old critique could not predict how 

he capital-labour ratio would change with changes in the rate of 

rofit, while it emphasized that any change of the rate of profit 

ould trigger an avalanche of changes of methods of production. 

his critique was agnostic as to what the method change would 

mply for employment or the ratio of profits to wages. The new 

ritique leads back to the old classical method of regarding the ac- 

ual technique in existence as a given; it changes only slowly. The 

ystem tends towards an efficient technique with a stable capital- 

abour ratio. Thus, room is made for alternative theories of distri- 

ution such as a postkeynesian determination of the share and the 

ate of profit via demand or the monetary theory of distribution, 

hich explains the level of the rate of profit through the interme- 

iate influence of the rate of interest. I argue in ( Schefold, 2021 )

hat these alternative theories of distribution presuppose a given 

echnique and are not really compatible with the old critique of 

apital and its agnosticism. 

But do the assumptions hold? We here try a theoretical discus- 

ion of alternative assumptions, which is unconventional because 

t does not start from usual assumptions about distributions. We 

ust go beyond the strong case. We begin by reconsidering the 

entral hypothesis itself. Readers not interested in this experiment 

ay go to Section 6 directly and take note only of the subsection 
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n Non-linear Wage Curves. We limit ourselves to the discussion 

f Proposition 1 and the domination from above. There is a large 

umber s of techniques with by assumption w 

1 (0) > · · · > w 

s (0) .

e found P (R σ > R σ−1 , . . . , R σ > R 1 ) = 1 /σ ; this holds, if we put

 0 = 0 , for σ = 1 , . . . , s . Now we ask whether our conclusions are

ffected substantially, if we assume that the die is loaded somehow 

n favour of or against the neoclassical assumption, in that a low- 

ring of σ – the transition from w 

σ−1 (0) to w 

σ (0) – tends to lead 

o R σ > R σ−1 with a probability that is higher or lower than in the

trong case. Countless variations of this idea can be imagined. We 

hall depart from the strong case in Section 6 by introducing bi- 

ariate distributions, which are not uniform, with different correla- 

ions. Here, we consider instead a simple possibility for modelling 

ifferent pairings of the w 

σ (0) and the R σ more directly, without 

pecifying assumptions about the distributions of w 

σ (0) and R σ on 

he axes. Only one example for an alternative distribution will be 

onstructed. 

If we put P (R σ > R σ−1 , . . . , R σ > R 1 ) = 

λ
σ , σ = 2 , . . . , s , we get

or the estimate from above for the expected number of wage 

urves on the envelope, ω, now ω 

∼= 

λ ln s : no significant insight 

nd no improvement from the point of view of neoclassical theory. 

An interesting possibility is to postulate P (R σ > R σ−1 , . . . , R σ >

 1 ) = 

1 

σβ , β > 0 , β � = 1 ; σ = 1 , . . . , s . The case β = 1 is what we

ave been discussing in Section 3 . If β � = 1 , one obtains 

 

∼= 

∫ s 

1 

1 

x β
dx = 

x 1 −β

1 − β

∣∣∣s 

1 
. 

nly for completeness we mention that one gets P (R σ > 

 σ−1 , . . . , R σ > R 1 ) < 1 /σ for β > 1 and, for large s , ω 

∼= 

1 / (β − 1) ,

or instance with β = 3 / 2 , ω 

∼= 

2 , which means that there is virtu-

lly no substitution to be expected. 

Now, what about the case β = 0 ? If all techniques are to appear

n the envelope with certainty, the order of the maximum rates of 

rofit must obviously be exactly inverse to that of output per head; 

ne then must have that w 

1 (0) > · · · > w 

s (0) implies R 1 < · · · < R s .

hese relationships must hold for the wage curves on the enve- 

ope as the result of the choice of efficient techniques. These must 

e such that any lowering of the productivity of labour results in 

n increase of the productivity of capital. To assume these rela- 

ionships instead of deriving them would not mean to prove the 

xistence of the neoclassical production function; it means simply 

o postulate it. 

If 0 < β < 1 , ω 

∼= 

(
1 / (1 − β) 

)
(s 1 −β − 1) , hence, for β = 1 / 2 ,

 

∼= 

2( 
√ 

s − 1) . We now do get more techniques on the envelope, 

ut still � = ω/s → 0 as s → ∞ ; the set of techniques appearing on

he envelope remains infinitesimal relative to the set of all tech- 

iques. What is more important: the possibility that a w 

σ−1 as- 

ociated with a small R σ−1 is followed by a w 

σ with a R σ close

o R σs is not only not excluded by the assumption, but it be- 

omes increasingly probable with rising s even for some small 

. In other words, there will in this case as well appear anchor 

oints in the upper right corner of the wage curve box in Fig. 2 ,

nly more slowly, and this means that almost universally domi- 

ant techniques will exist in this case as well and the envelope 

ust approach the diagonal d with very large s . The proof requires 

n assumption, however, as we shall show ( Proposition 5 ). 

We analyse the case of 0 < β < 1 by means of a representative

xample, putting β = 1 / 2 . We begin by constructing a series of an-

hor points, which correspond to an envelope with β = 1 / 2 . Let 

(σ ) be the number of positive square integers smaller or equal 

o σ and λ = 1 , 2 , 3 , ... , σλ = λ2 = 1 , 4 , 9 , ... . Hence Q(σλ) = Q(λ2 )

s the number of elements of the set { 1 , 4 , 9 , ..., λ2 } , which is equal

o λ; Q(σλ) = λ = 

√ 

σλ. If we have an envelope E with the prop-
522 
rty 

= 

{
λ2 , then R σ > R σ−1 , ..., R σ > R 1 

otherwise , then ∃ R τ , τ < σ : R τ > R σ , 

t implies for E

 (R σ > R σ−1 , ..., R σ > R 1 ) ∼= 

1 √ 

σ

or P = 

Q(σ ) 

σ
= 

√ 

σ

σ
= 

1 √ 

σ
. 

uch an envelope can be constructed, using the following two 

ules: 

(i) If σ = σλ = λ2 , then define R σλ
= (λ + 1) 2 − 1 = λ2 + 2 λ. 

The rule implies σλ−1 = (λ − 1) 2 and R σλ−1 
= λ2 − 1 . Hence 

there is a sequence of 2 λ w 

σ (0) in between σλ−1 and σλ

and there are 2 λ free positions between R σλ−1 
and R σλ

. 

(ii) The maximum rates of profit between R σλ−1 
and R σλ

can be 

assigned according to any permutation to the w 

σ (0) in the 

interval between σλ−1 and σλ, but not to any w 

σ (0) outside 

this interval. 

If this last condition is not fulfilled, additional switch points 

ay arise, destroying the property P = 

1 √ 

σ
. Fig. 9 shows the an- 

hor points in the wage curve box for this envelope up to λ = 4 

nd with the simple specification for rule (ii) R σ = σ − 1 , (σ � = λ2 ) .

The example suggests that, as s increases in a wage curve box 

f given size and with 0 < β < 1 , the envelope will look more

nd more like Samuelson’s ‘hyperbolic’ ‘smooth’ wage curve that 

ould give rise to a smooth production function with diminishing 

eturns. However, this conclusion holds only, if the probability of 

nding ‘good’ techniques, represented by anchor points in the up- 

er right corner of the wage curve box, is very small. This is not 

lausible and, as we shall see in the next section, against the evi- 

ence, if the wage curve box is bounded. The envelope of Fig. 9 is

ased on a discrete distribution in a regular grid. The distribution 

f the w 

σ (0) and the R σ on the axes is uniform. However, their 

airings are not independent, but such that P (R σ > R σ−1 , ..., R σ >

 1 ) = 

1 √ 

σ
. We therefore abandon the assumption that there is one 
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nd only one anchor point on each line and column. Instead, there 

s on each line σ one anchor point in position τ with a probabil- 

ty στ ; 0 ≤ στ ≤ 1 ; σ1 + ... + σs = 1 . The distribution of the w 

σ (0)

nd the R σ on the axes remains uniform. There is no room here to 

nalyse the distribution of the στ in order to derive the conditions 

nder which P (R σ > R σ−1 , ..., R σ > R 1 ) = 1 /σβ results. It must suf-

ce that Fig. 9 exemplifies the possibility for a determinate ma- 

rix of the στ , στ = 1 or στ = 0 , according to the rules (i) and (ii).

f the probabilities στ are themselves distributed uniformly, given 

he uniform distributions of the w 

σ (0) and the R σ , one is essen-

ially lead back to the strong case of Sections 3 and 4. But here we

ave modified the distribution of the στ and prove the following 

eneralised variant of Proposition 2 and its Corollaries. 

roposition 5. Let a bivariate probability distribution for the anchor 

oints in the wage curve box be given, such that the probabilities for 

nding an anchor point in each row or column add up to one and 

uch that all probabilities in the triangle DF G ( Fig. 2 ) are greater

r equal to δ� = δ/s , with δ > 0 and with m , the length of the short

ides of the triangle given by m = 

√ 

γ s , where 1 ≤ γ < s . Then there

xists, with at least probability π� = 1 − 1 / 
√ 

e γ δ , a wage curve w 

� 

n the wage curve box with a distance from the diagonal (measured 

orizontally or vertically) not larger than m . 

Even if δ is small, the choice of γ can bring π� close to one, 

nd m will remain small relative to large s , for m/s = 

√ 

γ /s . 

The proof still refers to Fig. 2 . In order to show that the com-

lementary probability of π� tends to zero, observe that the prob- 

bility for an anchor point to be on the first line of the trapezium

DGE is at most μ1 = 1 − mδ� , on the second line μ2 = 1 − (m −
) δ� , etc. On the last line it is μm 

= 1 − δ� . The probability for all

nchor points to be in ABDGE is μ1 · ... · μs = μ1 · ... · μm 

, since an- 

hor points are on the remaining rows with probabilities μσ = 1 . 

ow, putting m = 

√ 

γ s and using the same approximations as in 

he proof of Proposition 2 , 

μ1 · ... · μm 

= exp ( ln [(1 − mδ� ) · ... · (1 − δ� )]) 
∼= 

[ exp (m + (m − 1) + ... + 1) δ� ] −1 

= [ exp 

m (m +1) 
2 

δ� ] −1 ∼= 

[ exp 

δ
2 s 

(γ s + 

√ 

γ s )] −1 

−−−→ 

s →∞ 

e −
δγ
2 , 

ence we have at least 

� = 1 − 1 √ 

e δγ
. 

The envelope, which we constructed in the example with β = 

 / 2 ( Fig. 9 ), thus gets dominated, if better techniques exist in the

pper right corner of the wage curve box with probability π� > 0 . 

 baffling conclusion follows: If π� is given and s is small, a neo- 

lassical envelope similar to the one in Fig. 9 may arise, but if s is

ncreased, the chance that a better technique is adopted rises, and 

here will be a kind of phase transition to an envelope resembling 

hat of Fig. 3 . Numerical experiments that illustrate this effect will 

e shown in Section 6 ( Fig. 12 ). However, such a phase transition

ill not take place, if the better techniques are too sparse or if δ� 

iminishes too fast, as s grows. If, in the proof above, δ� = 

δ
s is re-

laced by a δ�� = δ/s 2 , π� → 0 for s → ∞ . Hence the importance

f empirical evidence. The neoclassical case is not impossible, but 

mprobable. 

Non-linear wage curves We have generalised Proposition 2 by 

oing beyond the assumption of a uniform probability distribution; 

e now use the central assumption to make a step towards the 

nclusion of non-linear wage curves. The reader may have noticed 

hat the results of Proposition 1 hold also if any two wage curves 

hat appear on the envelope intersect only once, at a switch point 

n the envelope. This assumption will be fulfilled, if reswitch- 

ng and reverse capital deepening can be ruled out, following the 
523 
ppendix in Schefold (2016) , that is, if the dimension of (or the 

umber of commodities in) the system is sufficiently large and a 

oundedness condition holds. If the wage curves that appear on 

he envelope intersect at most once, we call them disentangled. 

ince this may be expected, Proposition 1 is general and does not 

epend on the linearity of the wage curves in an essential way. 

or does it depend on the distribution of the w 

σ (0) and the R σ .

roposition 1 only depends on the pairings of the w 

σ (0) with the 

 σ , and if these are not independent, if they are not equally prob- 

ble, we have β > 1 or β < 1 . An extension of those cases to non-

inear wage curves then is still possible. 

Maintaining the central assumption at first and supposing 

age curves that have no inflection points and intersect only 

nce on the envelope, we get at once that Proposition 1 holds. 

ropositions 2 and 3 are in question because of Wicksell effects. 

onetheless, we have not only the expectation of the number of 

witchpoints, equal to or lower than ln (s ) , but we can also make a

tatement about the distribution of the switch points on the enve- 

ope. It is, however, weaker than the one contained in the Theorem 

f Section 4 . As in the proof of Proposition 1 , we estimate an upper

imit ω for the number of switch points by looking at the enve- 

ope ‘from above’, but we now divide the procedure in two steps, 

dding up to ω 

′ the probabilities that w 

1 , . . . , w 

ϑs ; 0 < ϑ < 1 ; is

n the envelope; ω 

′′ is the sum of the remaining probabilities up 

o s . Hence 

ω = ω 

′ + ω 

′′ ∼= 

ln s, 

ω 

′ = 1 + 

1 

2 

+ 

1 

3 

+ · · · + 

1 

ϑs 
∼= 

ln (ϑs ) = ln s + ln ϑ, 

 

′′ = ω − ω 

′ ∼= 

− ln ϑ = ln 

1 

ϑ 

. 

It follows that a tendentially infinite number of wage curves 

hat appear on the envelope will start from the ordinate at 

 

1 (0) , . . . , w 

ϑs (0) , while only a finite number will make it on

he envelope of the infinite number of wage curves w 

ϑs +1 , . . . , w 

s ,

s s tends to infinity. A symmetric argument can be made by 

nalysing how the wage curves start from the abscissa. By vary- 

ng ϑ , one finds that the wage curves on the envelope cluster at 

 = 0 and at r = R σs . By contrast, there is only a finite number

f wage curves appearing on the envelope with w 

σ (0) ∈ (0 , ϑs )

nd/or R σ ∈ (0 , ϑR σs ) . It is remarkable that this number depends

nly on ϑ , not on s . The wage curves appearing on the envelope

an therefore cluster only at the ends. Wage curves starting near 

he ends are likely to appear in the middle part of the envelope, if 

eoclassical Wicksell effects are sufficiently weak. 

If the central hypothesis is replaced by the assumptions P (R σ > 

 σ−1 , . . . , R σ > R 1 ) = 1 /σβ , β > 0 , β � = 1 for all σ , we get, if the

age curves are disentangled and have no inflection points, with 

he same subdivision for the sequence of wage curves as above: 

ω = ω 

′ + ω 

′′ = 1 + 

1 

2 

β
+ 

1 

3 

β
+ · · · + 

1 

s β
∼= 

s 1 −β − 1 

1 − β
, 

ω 

′ = 1 + 

1 

2 

β
+ · · · + 

1 

(ϑs ) β
∼= 

(ϑs ) 1 −β − 1 

1 − β
, 

 

′′ = 

1 

(ϑs ) β + 1 

+ · · · + 

1 

s β
∼= 

s 1 −β

1 − β

(
1 − ϑ 

1 −β
)
. 

n this case, ω 

′′ tends to infinity, and we cannot prove that the 

lustering takes place exclusively at the ends, as s → ∞ . We can 

se Zambelli et al. (2017) ’s diagram once more to illustrate the 

ossibilities. It shows the envelope of the techniques derived from 

he input-output tables of 30 countries with 31 sectors, hence 

 = 30 31 ≈ 6 . 2 · 10 45 and 63 wage curves appear on the envelope,

ith 62 switch points. If we make the central assumption and ap- 

ly the formula of the Theorem, we obtain 

2 
3 ln (30 31 ) ∼= 

70 , which 

s plausible. We can also ask what β would have to be, if the for- 
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Table 1 

Summary of results 

β ω � lim 

s →∞ � lim 

s →∞ m/s δ� 

β > 1 1 
β−1 

1 
s (β−1) 

0 undefined 0 

β = 1 ln s ln s 
s 

0 0 1 /s 

0 < β < 1 (1 − β) −1 (s 1 −β − 1) (1 − β) −1 (s −β − 1) 0 0 ≥ δ/s 

β = 0 s 1 1 undefined 0 
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Table 2 

Overview of the four cases considered. 

Distribution Correlation 

uniform 0 (case A) −0 . 99 (case C) 

normal 0 (case B) −0 . 99 (case D) 

t

s

b

6

T

d
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d

b

d
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23 The bivariate uniform distributions follow Ferguson (1995) . The expected value 
ula for ω above is to hold. It implies a β quite close to 1. On the

ne hand, this justifies the use of the logarithmic approach with its 

ogical stringency. On the other hand, one sees no clear clustering 

f the wage curves at the ends of the envelopes, which suggests 

hat β is not exactly equal to one. 

We combine the analyses of linear and non-linear wage curves 

y calling the line segment connecting w 

σ (0) and R σ the short- 

ut of the wage curve w 

σ (r) . How close a wage curve is to its

hortcut depends on the Wicksell effect which in turn depends on 

he numéraire. Clearly, the statements of Proposition 5 may be as- 

umed to hold for the anchor points of the shortcuts. Under the 

onditions of Proposition 5 , the shortcuts will tend to the diagonal 

 Proposition 3 ), but Wicksell effects may hide the fact. 

The following Table 1 summarizes the results in a stylized form, 

ssuming that the s techniques are, looking form above, char- 

cterised by P (R σ > R σ−1 , ..., R σ > R 1 ) = 1 /β, 0 ≤ β , and that the

age curves are disentangled. Moreover, we assume, where pos- 

ible, a uniform probability distribution in the upper right cor- 

er of the wage curve box, with δ ≥ 0 , such that δ� ≥ δ/s (see 

roposition 5 ). The upper bound for the expected number of wage 

urves is ω, and � = ω/s . The ratio m/s measures the upper bound 

or the distance of the shortcuts on the envelope from the diagonal 

f the wage curve box as derived above for the straight wage lines 

 Propositions 2 and 5). 

The attentive reader of this paper will have understood that 

ood techniques must eventually dominate the envelope, if there is 

 uniform distribution of the w 

σ (0) and the R σ on the axes and if

here is a uniform probability distribution στ for the anchor points 

case β = 1 ). Only a finite number of curves appear on the enve-

ope, if β > 1 . This finite number can be large and is equal to 1 /ε,

f ε > 0 is small and β = 1 + ε. Convergence to the diagonal cannot

appen in the strict sense of the word. Indeed, there is no room for 

he uniform distribution, for that would imply an infinity of wage 

urves on the envelope, contradicting what we found for β > 1 . 

gnoring more complex outcomes, we simplify and put δ� = 0 in 

able 1 . It is trivial that no dominance arises, if β = 0 , where each

iminution of w 

σ with increasing σ implies an increase of R σ with 

ertainty: the pure neoclassical case. Here there is clearly no room 

or the uniform distribution of probabilities in the upper right cor- 

er of the wage curve box either; we must put δ� = 0 . The inter-

sting question concerns the transition with 0 < β < 1 . If δ = 0 or
� = δ/s 2 , the case is neoclassical. But the probabilities in the up- 

er right corner may exceed δ/s (as long as the probability sums 

n rows and columns add up to one, of course). As long as s is

ot large, the envelope may look quite neoclassical, but the rele- 

ant separation between the domains is not between β = 1 and 

< 1 , although there is a qualitative difference also there. If β = 1 

nd s → ∞ , the wage curves cluster at the end points near r = 0

nd r = R σs and the number of wage curves in between is finite, 

f they are linear (Kersting‘s theorem), while such clustering need 

ot take place, if β < 1 , as we have seen. But, from the economic

oint of view, it seems more important that �, the density of the 

age curves, tends to zero with s → ∞ as soon as β > 0 and, more

mportant still, good techniques must come to dominate at very 

igh levels of s and no room is left for the substitution of capital

nd labour, hence for the marginal productivity theory of distribu- 

f

524 
ion, unless – somewhat ironically – Wicksell effects destroy the 

implicity of the conclusion. So the relevant divide appears to be 

etween β = 0 and β > 0 , if δ� ≥ δ/s > 0 . 

. Numerical experiments and empirical results 

Only a few results of the investigation can here be presented. 

he empirical data were collected and evaluated by an able stu- 

ent, Jakob Kalb, whom we should like to thank. We begin with 

he numerical experiments. The techniques are represented by ran- 

omly generated coordinate variables for the anchor points in a 

ox, which is of given side length for the cases with a uniform 

istribution on the axes, while expectation and variance are given 

or the cases with normal distribution. 23 The diagrams show those 

orresponding linear wage curves which appear on the envelope; 

nferior curves are suppressed. The number of randomly generated 

echniques can here be interpreted as the size of the sample or as 

he number of iterations of the programme. The experiments vary 

n the one hand according to assumptions about the distribution 

n the coordinates: It may be uniform or normal. On the other 

and, an assumption is made about the correlation between the 

aximum wage rates (the values on the ordinate) and the max- 

mum rates of profit (the values on the abscissa). The correlation 

eplaces the assumption about β in Section 5. Neoclassicals seem 

o expect a negative correlation. Our empirical data suggest the 

pposite, as will be explained later. A negative correlation means 

hat the probability for the anchor points to be near the diagonal is 

igher than that to be near the lower left or upper right corner of 

he wage curve box. If all anchor points are on the main diagonal, 

n envelope of hyperbolic shape is implied. 

We present four diagrams according to this scheme, juxtaposing 

he two kinds of distribution with a zero or an extremely negative 

orrelation in order to investigate where the theses presented in 

his paper may go wrong. The following Table 2 shows the four 

ases considered: 

Before looking at the empirical data, we have to confront the 

act that the efficiency frontier – the envelope of the wage curves –

eems not to get reached in practice. The input-output tables of, as 

bove, 10 countries with 100 sectors yield 10 100 techniques, which 

ll belong to a potential, of which only 10 are actually realised by 

he countries concerned. According to both neoclassical and classi- 

al abstract theory, production takes place at the efficiency frontier, 

ut no country is actually found there ( Zambelli et al., 2017 ), for

he following main reasons: Input coefficients are based on mone- 

ary measures of physical input requirements at a level of aggrega- 

ion which is high relative to the concrete technical methods used; 
or the normal distribution is in all numerical experiments 7 and the variance 1. 
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f

o group techniques, one would need a fuzzy logic. Techniques e.g. 

or car production, which look similar, but are different in input- 

utput tables in France and Germany, could then be classed as the 

ame. With such a grouping of techniques, sufficiently broadly de- 

ned, the number of techniques could be reduced drastically and 

ne might find actual techniques on the envelope after all. Then 

here are problems of information. If better techniques are to be 

mitated, the techniques may be tied to institutions that change 

t best slowly or to geographical conditions that are definitely not 

ransferable (we noted such specificity of techniques in Section 3 ). 

ransitions between techniques take time and may need several 

teps (steel must be produced, before tankers can be built). Scale 

ffects and joint production may also play a role (with joint pro- 

uction, the dynamic of adoption of better techniques because of 

urplus profits is different from that which holds with single pro- 

uction). Nonetheless, for lack of alternatives, we continue to take 

ombinations of methods, represented as sectors of input-output 

ables, as our inventory of techniques. Note that if we were to re- 

trict our attention to ‘transferable techniques’ – means of produc- 

ion such as lorries and computers are obviously transferable – and 

f only one in one hundred techniques are transferable, there re- 

ain in the example still an enormous number: 10 98 . 

If we place the potential techniques of e.g. ten countries as an- 

hor points in a wage curve box, special attention will be paid to 

he ten actual techniques and to what we shall call the graspable 

otential, defined as the anchor point given by the maximum out- 

ut per head and the largest maximum rate of profit of the ten ac- 

ual techniques. The graspable potential turns out to be a rough in- 

icator of the upper right corner of the wage curve box and there- 

ore of an area, where anchor points are found that represent wage 

urves on or near the envelope. 

We turn to the empirical investigation proper. The input-output 

atrices result from the input-output tables of several countries 

or the year 2014, which were published in the release “World 

nput-Output Database (WIOD)” of the year 2016. On these data 

ee Timmer et al. (2015) and Timmer et al. (2016) . Two sectors 

“activities of households as employers” and “activities of extrater- 

itorial organizations and bodies”) were eliminated as not signif- 

cant; the remaining 54 sectors were used for the calculation of 

he anchor points. As usual, the input-output coefficients result 

rom the division of the monetary flows of intermediate goods by 

he monetary value of the gross output of each sector. We adopt 

he fiction that each country is self-sufficient by adding the coeffi- 

ients for imported goods in each sector to the corresponding do- 

estically produced inputs; exports then are part of the surplus. 24 

he calculation of the labour vectors is based on the “Socio Eco- 

omic Accounts” of the WIOD database; they were normalised in 

he same way as the input-output coefficients. The common net 

utput of all countries is obtained by forming the average of the 

ountries‘ sectoral “value added”-entries in their input-output ta- 

les. This net output is chosen as the numéraire and kept constant 

n order to allow for a meaningful interpretation of the countries‘ 

espective maximum wage rates as output per head or, more pre- 

isely, per labour hour. The calculations of output per head and 

f the maximum rate of profit for each country, derived from the 

robenius-eigenvalue of the matrix, then follow the exposition of 

otes 2, 3, 4 and 12 of the paper. 

The following Fig. 14 shows the calculation of anchor points in a 

catter plot for the input-output tables of France and Germany. The 

orrelation coefficient ρ = −0 . 086 is small, but statistically signif- 

cant ( p ≈ 6 . 8 × 10 −18 ). Kendall‘s rank correlation was also calcu-
24 Each country thus is treated as if it was autarchic. Advantages of international 

rade then are blurred. The assumption is possible only, if imported “goods”, at the 

iven level of aggregation, are also produced domestically. 

c

0

c

w

t

525 
ated, τ = −0 . 0576 . This coefficient is statistically significant, too 

 p ≈ 5 . 4 × 10 −18 ). 

We add the histograms of the maximum wage rates and the 

aximum rates of profit in Fig. 15 . 

The graspable potential is within the cloud of the scatter points 

nd may indicate techniques that dominate the envelope of the 

hortcuts corresponding to the anchor points. The marginal distri- 

utions of the maximum wage rates and maximum rates of profit, 

owever, are clearly not uniform, but closer to normal distribu- 

ions. This was confirmed by means of Q-Q plots for the distri- 

ution of the wage rates and the rates of profit. The plot shows 

ow the standard normal distribution correlates with the empiri- 

al distribution, each measured by means of quantiles. A perfectly 

ormal empirical distribution therefore would result in a linear re- 

ationship. The diagrams 16 and 17 confirm that we get a good fit. 

The scatter diagrams are based on a random selection of 10 0 0 0 

echniques or combinations of French and German methods, of 

hich we have 2 54 . The analysis of the Q-Q plots then was com- 

lemented by a Shapiro-Wilk test ( Shapiro and Wilk, 1965 ) on the 

asis of 50 0 0 wage and profit rates taken from the 10 0 0 0 because

f a limit in the program. A p-value of p ≈ 5 . 5 × 10 −7 was obtained

or the maximum wage rates and of p ≈ 2 . 2 × 10 −16 for the maxi-

um rates of profit. The small p-values demonstrate that the vari- 

bles do not follow a normal distribution strictly, but the sample 

s large (50 0 0); the Shapiro-Wilk test may be excessively restrictive 

nd the Q-Q plot more telling for our purposes. 

In the next step, three countries, the United States, Great Britain 

nd Italy, were added. The linear regression in Fig. 18 for the an- 

hor points now reveals a slightly positive correlation between 

 (0) and R . 

The correlation coefficient is ρ = 0 . 1989 , the rank correlation 

s τ = 0 . 1290 . The histograms and the Q–Q plots look similar to

hat we found in the two country case. Two observations can be 

ade: There seem to be fewer techniques with very small maxi- 

um wage rates than would correspond to a normal distribution, 

hile we have a deviation from the normal distribution in the case 

f the maximum rates of profit at the upper end: There seem to 

e more techniques with a very high maximum rate of profit in 

ach of the five countries than a normal distribution would im- 

ly. The graspable potential for each country was calculated. A ta- 

le was made for an anchor point that seems to correspond to a 

echnique with a wage curve on the envelope, according to visual 

nspection; it shows the best method used in each sector and the 

ountry, in which that method is in actual use. All the five coun- 

ries contribute methods to this technique in a colourful mixture, 

hich is not easy to interpret. It is a potentially dominating tech- 

ique, but it is sure to be on the envelope only in the given sample

f 10 0 0 0 techniques and the calculation does not refer to the en-

elope of the wage curves, but to their shortcuts. There is no room 

o represent it here. 

These results have proven to be robust to variations in the num- 

er of considered countries and years. To check the robustness 

f our results, we replicated our calculations for more countries 

nd different years, using a pre-processed data set published by 

ambelli and referred to in Zambelli (2018) . This data set allowed 

s, after appropriately adjusting the national input-output matri- 

es and labour vectors to a suitable definition of net output and 

ur notation, to calculate anchor points of techniques generated 

y randomly combining methods of production of ten countries 

Canada, Finland, Spain, Netherlands, Austria and the five countries 

rom above) for each year from 2001 until 2011. In all cases, the 

orrelation coefficient between w (0) and R is positive and exceeds 

.3. The negative correlation of the two country case therefore 

learly presents itself as an exception from the rule. Furthermore, 

e observed a negative relation between the number of shortcuts 

hat appear on the envelope and the correlation between w (0) and 
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 . This result was obtained from regressing the number of short- 

uts on the envelope on the natural logarithm of the number of 

echniques, ln (s ) , and the correlation between w (0) and R . The re-

ression coefficient for the relation between the correlation and 

he number of shortcuts on the envelope was negative and sta- 

istically significant at the 95% level: A higher correlation between 

 (0) and R was associated with fewer shortcuts on the envelope 

n our sample. 

Concluding observations Because of the complexity of the argu- 

ent, the paper cannot be concluded without a summary of its 

ain contents. We started from the Cambridge debate, which was 

oncerned with the logical consequences of the fact that wage 

urves are in general not straight; we recalled declination, non- 

eoclassical Wicksell effects, reswitching and reverse capital deep- 

ning as the main objections raised in the debate against the 

arginal productivity theory of distribution and the aggregate pro- 

uction function. The critique turned out to be entirely successful, 

f the production function is understood as a mathematically rigor- 

us theory, but is less pertinent, if it is understood as an approx- 

mation to a reality, for which there is no known comprehensive 

heory. Wicksell effects are numéraire-dependent and wage curves 

ntersect only rarely more than once, if one of the switch points 

s on the envelope, as has been shown theoretically and empiri- 

ally; wage curves are disentangled as a rule, and the macroeco- 

omic consequences, if they are not, are small, unless reswitching 

nd reverse capital deepening are frequent. It is a more general 

roblem of this critique that it leads to agnosticism regarding the 

elationship between distribution and the capital-labour ratio. Joan 

obinson, who had initiated the debate, therefore doubted its rel- 

vance, and the Cambridge economists pursued a different line in 

heir positive contributions to modern economic theory. They em- 

hasized technical progress and described growth paths according 

o stylized facts which included constant shares in distribution and 

 constant capital-output ratio. 

Samuelson, in his defence of marginal productivity theory, had 

ssumed that the wage curves of individual techniques were lin- 

ar, and we have adopted this counterfactual assumption in the 

rst Sections of this paper in order to question Samuelson‘s im- 

licit hypothesis that the productivities of labour and of capital, 

utput per head and the maximum rate of profit for each tech- 

ique, are in essence ordered inversely. 

It was simple to show that, if this hypothesis is not adopted, 

f instead, all permutations of maximum rates of profit are equally 

robable, as one descends the envelope of wage curves, the num- 

er of wage curves on the envelope rises only slowly, with the nat- 

ral logarithm as an upper bound so that the number of possibil- 

ties of substitution is surprisingly small – too small to verify the 

eoclassical propositions, as we argued, using plausible numerical 

xamples. 

We then translated the assumption made regarding the 

quiprobability of the permutations into the narrower assumption 

f a uniform probability distribution and we assumed that there 

re given bounds for output per head and the maximum rates of 

rofit. If the number of techniques increases under such circum- 

tances, with growing density in the grid representing the anchor 

oints ( Fig. 2 ), the envelope must approach the diagonal of the 

age curve box. At that capital-labour ratio, distribution is almost 

otally indefinite. A more exact calculation shows that the num- 

er of wage curves on the envelope then approximates 2 / 3 ln s and

he wage curves will cluster at the ends of the envelopes; only a a 

ew are there in the middle. Although there may be a few switch 

oints, the capital-labour ratio turns out to be essentially deter- 

ined. 

We then widened the assumptions in two different ways: 

The simpler and less rigorous approach started again from the 

ossible permutations of maximum rates of profit adopted at a 
526 
witch point, as one descends the envelope. We supposed that the 

robability of encountering a switch point, at which the maximum 

ate of profit rises in such a way that the new wage curve dom- 

nates after the switch, equals 1 /σβ . If such a characterization is 

ossible, it turns out that, if β > 1 , the number of wage curves 

n the envelope will be finite. The case considered extensively in 

ections 3 and 4 corresponds to β = 1 and the extreme neoclas- 

ical case, in which each wage curve becomes part of the enve- 

ope, is characterized by β = 0 . So we could portray the transition 

orm the classical perspective, where the capital-labour ratio is es- 

entially predetermined, to the neoclassical case, where it changes 

moothly with distribution, as a continuous transition. If the as- 

umption was added that output per head and maximum rates of 

rofit are bounded and that the probability distribution is uniform 

ear the limits, it again turned out that the envelopes would ap- 

roach the diagonal, for any β > 0 . This was confirmed in numer- 

cal experiments, in Fig. 10 (uniform distribution, no correlation) 

nd Fig. 12 (uniform distribution, negative correlation). The case of 

 uniform distribution with a positive correlation is not shown; it 

bviously leads to an envelope close to the diagonal. 

However, in numerical experiments and in empirical investiga- 

ions, we also tested another assumption. If the distributions of 

utput per head and of maximum rates of profit were normal, the 

utlook changed somewhat and the outcome depended strongly on 

hat now replaced the assumption of a uniform probability distri- 

ution, that is, the correlation between maximum wage rates and 

aximum rates of profit. 

Three characteristic cases can be distinguished according to nu- 

erical experiments, which we now represent by means of the an- 

hor points in Figs. 19 a, b, c. 

In case a, the anchor points are strongly negatively correlated so 

hat they form a cloud of roughly elliptical shape along the main 

iagonal of the wage curve box, for which, for a given number of 

echniques, we have a given size. However, the size of the box in- 

reases slowly, but indefinitely, with the number of techniques. For 

 given size, the elliptical cloud must result in a roughly hyperboli- 

al shape of the envelope of the wage curves: the neoclassical case; 

t corresponds to Fig. 13 . 

If there is a strong positive correlation, the anchor points will 

luster around the minor diagonal for a given large number of 

echniques and a given size of the wage curve box. It is intuitively 

lear that, with increasing size, the envelope of the wage curves 

ill approach the diagonal and may consist of one wage curve 

nly: the best technique. 

In between cases (a) and (b), there is case (c) with a correlation 

qual to zero. Let us stylize the assumption by postulating that the 

nchor points for a given size fill a circle in the upper right corner 

f the wage curve box, densely towards the center of the circle, 

parsely near its circumference. We assume in accordance with our 

mpirical data that this circle is in the upper right corner of the 

age curve box because very inefficient techniques are not repre- 

ented (all countries considered are similar). The anchor point of 

he technique with the highest output per head is denoted by H

nd the anchor point of the technique with the highest maximum 

ate of profit is denoted by K and F is, as in Fig. 2 , the upper right

orner of the wage curve box. The center of the circle is M, its ra-

ius ρ , and M is at a distance R � from the origin along the abscissa

nd at a distance w 

� from the origin on the ordinate. It is the point

f the exercise that this stylized picture corresponds very well to 

he empirical picture of Fig. 18 and to 25 other similar tests with 

imilar results – with only the difference that has been mentioned: 

he empirical correlation tends to be positive, favouring the classi- 

al result. 

Sparse points on the circumference between H and K will be 

epresentative of the envelope of the shortcuts of the wage curves. 

his envelope will correspond to the case represented in Fig. 11 . 
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Fig. 10. (case A): 10 5 and 10 8 iterations. With a uniform distribution and no correlation, the number of wage curves is from the start small in the middle range. After 10 8 

iterations, the diagonal dominates and the wage curves cluster at the ends (compare Fig. 3 above). 

Fig. 11. (case B): 10 5 and 10 8 iterations. The change to a normal distribution without a correlation means that there are fewer anchor points in the upper right corner of 

the wage curve box, so that diagonal dominance is less pronounced, but also fewer appear along its upper and right side ( EF and F B in Fig. 2 above). Hence there is no 

clustering near the ends, the envelope gets nearly straight and consists of a modest number of curves even with 10 8 iterations. It is the case closest to the empirical data 

below, except that we observed a positive correlation, which leads to an envelope, which is more straight (compare Fig. 22 ). 

Fig. 12. (case C): 50, 500 and 10 5 iterations. Case C exhibits a striking phase transition. With 50 iterations, one gets a nearly neoclassical envelope, thanks to the strong 

negative correlation, but it breaks down and a large number of wage curves clusters at the ends (visible as thicker coordinate axes), while only a few wage curves appear in 

the middle, after only 500 iterations A second transition occurs after 10 5 iterations: the envelope approaches the diagonal and consists – except at the ends – of only two 

wage curves. 

527 
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Fig. 13. (case D): 10 5 and 10 8 iterations. The neoclassical case can arise, if the distribution is far from uniform and the correlation is strongly negative. A scatter plot diagram 

for the anchor points shows them clustered near the main diagonal. 

Fig. 14. 10,0 0 0 anchor points calculated on the basis of French and German input-output tables. Each blue dot corresponds to an anchor point; the red line is the result of 

a simple linear regression. The red star marks the graspable potential, in this case consisting of the French maximum wage rate and the German maximum rate of profit. 
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he envelope will remain at some distance from the diagonal, be- 

ause the anchor points do not approach F . So this case could be

aid to be in between the pure classical and the pure neoclassical 

ase. Increasing the number of techniques may mean that H, K and 

 shift outward so that we cannot expect a phase transition to the 

lassical case, as long as no limits are imposed. 

Actually, the envelope will be constituted by taking into account 

lso some anchor points slightly inside the circumference, but we 

ay neglect this at the present level of abstraction. 25 Although we 
25 Which anchor points get on the envelope, apart from those on the upper right 

f the convex hull of the anchor points, may be inferred from Fig. 6 . The coordi- 

ates of the anchor points of the constellation represented in the Fig. are given 

y (c, b) and (d, a ) . Consider the dashed line. If it is turned in such a way that 

t keeps crossing the intersection of the constellation, denominated by (i, j) and if 

 < r k < d and a < k < b, it is clear that the anchor point (r k , k ) will represent a line 

the dashed line) that just touches the envelope, and straight lines parallel to and 

bove the dashed line will be on the envelope. If the dashed line moves between 

he limits given by the constellation, the anchor point will move on a hyperbola 

 = [ j/ (i − r k )] r k in function of r k . The asymptotes of this hyperbola will be given 

y a horizontal and a vertical line running through (i, j) and the hyperbola itself 

i
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et an envelope with substitutions, it will not satisfy the ideal cri- 

eria of neoclassical theory. The capital-labour ratios will not vary 

etween zero and infinity, as with an ideal production functioning 

ulfilling the Inada-conditions, but they can vary only between k 1 
nd k 2 (see Fig. 19 c): The capital-labour ratios pertaining to the 

nchor points H and K. The capital-labour ratios, measured along 

he shortcuts, must lie between k 1 = 

w 

� + ρ
R � and k 2 = 

w 

� 

R � + ρ so that 

he growth of the capital-labour ratio, as one reduces the rate of 

rofit and increases the wage rate from one extreme to the other, 

s given and limited by 

k 1 
k 2 

= 

(w 

� + ρ)(R 

� + ρ) 

w 

� R 

� 
. 

It seems to be the case that ρ is not large relative to w 

� and

 

� , and if ρ goes to zero, relatively, we get k 1 = k 2 ; the circle is so
ill go through the anchor points of the constellation. The hyperbola therefore will 

eparate the area below and to the left of the anchor points of the constellation 

nto two parts, of anchor points that stand for lines of shortcuts below or on the 

nvelope. 
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Fig. 15. Histograms of the maximum wage rates (a) and the maximum rates of profit (b), based on French and German input-output tables. 

Fig. 16. Q-Q plot for the maximum wage rates. 

Fig. 17. Q-Q plot for the maximum rates of profit. 
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Fig. 18. 10,0 0 0 anchor points calculated on the basis of French, German, US, British and Italian input-output tables. Each blue dot corresponds to an anchor point; the red 

line is the result of a simple linear regression. The red star marks the graspable potential in the sense of Section 5, in this case consisting of the Italian maximum wage rate 

and the US maximum rate of profit. Note that, if the number of techniques is increased (the diagram is based on 10 5 out of 5 54 ), the number of anchor points around the 

graspable potential will increase significantly, while the graspable potential itself stays in place. 

Fig. 19. Three characteristic clusterings of anchor points with a strongly negative (case a), strongly positive (case b) and zero correlation (case c). 

Fig. 20. Envelopes of (a) 10,0 0 0 shortcuts and (b) 10 0,0 0 0 shortcuts. Both plots are based on input-output data of five countries (GER, FRA , USA , GBR and ITA) for the year 

2014, corresponding to the (a) second and (b) third entry of Table 3. 
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mall as to approach F . This is the case, which, according to the 

arlier investigation, corresponds to a uniform probability distribu- 

ion. 

Empirically, we found k 1 /k 2 = 1 . 4377 for the five country case

for s = 10 , 0 0 0 ). If one smoothes the envelope, the elasticity of

ubstitution, measured locally, must be quite small. A zero elas- 
530 
icity means no substitution and there is one best technique. So 

he economic result is essentially the same as the one obtained in 

ections 3 and 4, where the straightforward assumption of a uni- 

orm probability distribution allowed to deduce unequivocal math- 

matical statements. According to our empirical findings, the corre- 

ation between the distributions of output per head and maximum 
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Fig. 21. Numerical experiment. 10 5 and 10 8 iterations. The correlation is −0 . 99 , the distribution is normal, all as in Fig. 13 , but upper limits have been imposed for both 

coordinates. 

Fig. 22. Numerical experiment. Normal distribution. Correlation 0.4. 10 5 and 10 8 iterations. 
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rofit rates is not zero but positive; one gets an intermediate case 

etween (b) and (c). 

An elasticity of substitution of around one seems to be favoured 

n most neoclassical studies and it must be large enough for im- 

ortant applications such as Böhm-Bawerk’s idea that an elevation 

f the real wage above its natural level could be countered by an 

ncrease of the capital-labour ratio, using known techniques. We 

ould conclude with the statement that the elasticity of substitu- 

ion is too small for the essential applications of neoclassical the- 

ry. 

But this is not the end of the story, for the idea that the 

echniques are normally distributed without bounds may be ques- 

ioned. There is an irony in using the normal distribution, which 

escends from Gauss’s theory of errors with the focus on the ex- 

ectation. But optimisation implies an analysis of extreme values, 

hich would be misses, if the errors represent deviations from a 

arget. If we have, as in our example, ten countries and 10 54 tech- 

iques, only ten techniques, those of the countries concerned, are 

ctual. Among the other techniques, many may be specific and 

ot transferable – a problem which we discussed – some may not 

e realisable, at the activity levels derived from the given output- 

evel, because of natural constraints. Unfortunately for theorists of 

hatever persuasion, the techniques that appear best on paper by 
531 
eing close to or on the envelope are the most suspicious by be- 

ng farthest away from those actually used. So there may be limits 

elow H and to the left of K in Fig. 19 c. 

A limit of some plausibility is given by the graspable potential. 

t pairs the productivity of labour reached by the country most 

uccessful in this regard with the corresponding productivity of 

apital reached by, in general, another country, and chances are 

hat techniques remain to be realised, by combining existing meth- 

ds, so that one technique reaches both these limits. 

This means to assume that the box is restricted in the upper 

ight corner by a point that may be identified with the graspable 

otential. This point coincides with the upper right corner F in 

igs. 2 and 19 c. We assume that the corresponding triangle DF G of 

ig. 2 is not empty. Since we are dealing with normal distributions, 

e restrict the box in the lower left corner by assuming that point 

 ( Fig. 2 ) now corresponds to the expected values of w 

σ (0) and

 σ (anchor points to the left and below are dominated). Whatever 

he correlation c, −1 < c ≤ 1 , the density then diminishes, as one 

oves up and to the right from A to F . We assume that the proba-

ility density for anchor points does not drop to zero in approach- 

ng F for given s and that it does not diminish as s increases. Let

he minimum density be smaller than the maximum density by a 

possibly small) factor ξ > 0 . 
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Table 3 

The numbers of shortcuts on the envelopes, the correlations and the predictions for the numbers 

by means of the formulas ln s and (2 / 3) ln s . Data from WIOD and pre-processed data from Zambelli 

(2018) ; see Section 5 for more details on the data. 

No. of countries Year s ˜ Z ̂ Z Rank corr. Correlation ln (s ) 2 / 3 ln (s ) 

2 2014 10000 14 3 -0.06 -0,09 9.21 6.14 

5 2014 10000 4 3 0.13 0.20 9.21 6.14 

5 2014 100000 7 5 0.13 0.20 11.51 7.68 

5 2011 10000 6 4 0.23 0.35 9.21 6.14 

10 2011 10000 6 4 0.21 0.33 9.21 6.14 

10 2011 100000 8 3 0.21 0.32 11.51 7.68 

10 2010 10000 5 3 0.22 0.35 9.21 6.14 

10 2010 100000 4 3 0.23 0.35 11.51 7.68 

10 2009 20000 4 3 0.26 0.39 9.90 6.60 

10 2009 80000 8 3 0.26 0.39 11.29 7.53 

10 2008 15000 4 3 0.26 0.39 9.62 6.41 

10 2008 75000 8 4 0.25 0.39 11.23 7.48 

10 2007 10000 8 4 0.27 0.42 9.21 6.14 

10 2007 60000 10 5 0.28 0.43 11.00 7.33 

10 2006 12000 5 3 0.26 0.40 9.39 6.26 

10 2006 50000 5 3 0.28 0.42 10.82 7.21 

10 2005 15000 3 3 0.27 0.42 9.62 6.41 

10 2005 55000 9 5 0.27 0.42 10.92 7.28 

10 2004 10000 10 5 0.25 0.39 9.21 6.14 

10 2004 50000 6 4 0.26 0.40 10.82 7.21 

10 2003 10000 3 3 0.27 0.42 9.21 6.14 

10 2003 50000 5 4 0.27 0.41 10.82 7.21 

10 2002 10000 7 4 0.28 0.43 9.21 6.14 

10 2002 45000 7 5 0.28 0.43 10.71 7.14 

10 2001 10000 2 2 0.27 0.41 9.21 6.14 

10 2001 60000 8 4 0.27 0.41 11.00 7.33 
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roposition 6. Under the stated assumptions, there is a probability 
�� of at least 1 − 1 / 

√ 

e γ ξ that the envelope moves to the diagonal 

ith s → ∞ , γ given (0 < γ < s ) . 

roof. The probability π1 that we find an anchor point in DGF , 

hich also is in ABEF , is at least equal to the ratio of the mini-

al density times the area of DF G , divided by the maximum den-

ity times the area of ABEF . Hence π1 ≥ ξm 

2 

2 /s 2 . We assume, as 

n the strong case, that m grows with s , but more slowly, accord- 

ng to m = 

√ 

γ s . The probability π2 that all s anchor points are 

ot in DF G , but in ABEF , is π2 (s ) = (1 − π1 ) 
s ≤ (1 − ξ

2 
γ
s ) 

s . Then

he probability π�� is π�� = lim 

s →∞ 

1 − π2 (s ) ≥ lim 

s →∞ 

(1 − 1 
s 

ξγ
2 ) 

s = 1 −
1 √ 

e γ ξ
. We again arrive at the results found for the strong case, but 

ow by Euler’s definition of e , not by the logarithm. �

The existence of bounds is plausible not only in the case of uni- 

orm, but also of normal distributions, although they are difficult 

o identify. Fortunately, the empirical results give a clear picture 

lso if no bounds are assumed or imposed. The envelopes for all 

he samples of anchor points collected in this paper have been 

xamined – they are, of course, envelopes of the shortcuts corre- 

ponding to the anchor points. A program first eliminates all an- 

hor points that are dominated by some other anchor points; the 

umber of those not dominated is ˜ Z . ̂ Z denotes the number of 

hortcuts that actually appear on the envelope. Of course, ̂ Z ≤ ˜ Z , 

ince anchor points and shortcuts may be dominated, even if they 

re not dominated by an individual anchor point or shortcut, but 

y a combination. The result is shown in Table 3 . 

As one can see, ̂ Z is below (2 / 3) ln s < ln s in all cases. The as-

ertions made about the number of wage curves on the envelope 

n the basis of the strong case therefore are not only confirmed: 

t seems that the formula (2 / 3) ln s derived by Kersting for the (on

he margin) uniform distribution must be replaced by a lower es- 

imate (the theoretical extension of Kersting’s theorem to the case 

f normal distributions, which seem a good approximation for re- 
532 
lity, has not yet been found). The positive correlation, here found 

mpirically, might play a role. 

The envelopes of the shortcuts themselves turn out to be bun- 

led. By this we mean that there is little variation of the capital- 

abour ratios (see as examples, Figs. 20 a and b) and that was, ul- 

imately, the simple point to be made. 

We confirm the empirical results by coming back to the nu- 

erical experiments. We considered the possibility of cutting off

xtreme outliers of anchor points by restricting the analysis to the 

raspable potential. This has no direct equivalent in the numerical 

xperiments, but if extreme values are cut off, the only case which 

ad resulted in a clear tendency to a smooth envelope of hyper- 

olical shape, on the basis of a normal distribution, coupled with a 

trong negative correlation (Fig. 13 ), straightens considerably ( Fig. 

1 ). 

We have found good evidence for a normal distribution, but 

ith a positive, not a negative, let alone an extremely negative cor- 

elation. Empirically, the correlation is near 0.4. The corresponding 

umerical experiment ( Fig. 22 ) shows how in this case the number 

f lines on the envelope is small after 10 5 iterations and dimin- 

shes, instead of rising, as the number of techniques in the sample 

ncreases to 10 8 . The envelope consists of only three line segments 

nd is strikingly similar to the empirical result of Fig. 20 . 
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